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Abstract
The results obtained on the particle mixing in Quantum Field Theory are re-
viewed.
The Quantum Field Theoretical formulation of fermion and boson mixed fields is
analyzed in detail and new oscillation formulas exhibiting corrections with respect to
the usual quantum mechanical ones are presented. It is proved that the space for the
mixed field states is unitary inequivalent to the state space where the unmixed field
operators are defined. The structure of the currents and charges for the charged mixed
fields is studied. Oscillation formulas for neutral fields are also derived. Moreover the
study some aspects of three flavor neutrino mixing is presented, particular emphasis is
given to the related algebraic structures and their deformation in the presence of CP
violation. The non-perturbative vacuum structure associated with neutrino mixing
is shown to lead to a non-zero contribution to the value of the cosmological constant.
Finally, phenomenological aspects of the non-perturbative effects are analyzed. The
systems where this phenomena could be detected are the η − η′ and φ− ω mesons.
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Introduction
The particle mixing and oscillation [1, 2, 3, 4] are one of the most important topics
in modern Particle Physics: these phenomena are observed when a source create a
particle that is a mixture of two or more mass eigenstate and different mixing are
observed in a detector.
The oscillations are observed experimentally in the meson sector, for kaons, B0,
D0, and the system η − η′, and the evidence of the neutrino oscillations seems now
certain [5, 6, 7, 8, 9, 10, 11, 12, 13]. The Standard Model incorporates the mixing of
fermion fields through the Kobayashi - Maskawa [14] mixing of 3 quark flavors, i.e. a
generalization of the original Cabibbo [15] mixing matrix between the d and s quarks.
Recently, the mixing phenomenon helped to provide a vital insight into the puzzle
of solar neutrinos [11] and neutrino masses [13]. In the boson sector, the mixing of
K0 and K¯0 mesons via weak currents provided the first evidence of CP violation
[2] and B0 − B¯0 mixing plays an important role in determining the precise profile of
a CKM [14, 15] unitarity triangle [16] in Wolfenstein parameter space [17]. In this
light, beyond any doubt, the mixing of flavors at this date is the most promising
phenomenon of the physics beyond the Standard Model.
Regarding the vanishing magnitudes of the expected violation effects (such as
neutrino mass differences or unitarity violation in CKM matrix), it is imperative
that the theoretical aspects of the quantum mixing were very well understood.
There are still many unanswered questions about the physics of the mixing and
the oscillations in particular from a theoretical point of view.
Let us remind some basic facts about particle mixing and oscillations.
In the Standard Model, the neutrinos appear among the fundamental constituents,
together with the corresponding charged leptons and the quarks. The idea of the
neutrino was first introduced by W.Pauli in 1930 in order to save the energy and
momentum conservation laws in beta-decay process of atomic nuclei and was first
observed in 1956 by Reines and Cowen in the process ν¯e + p→ n + e+.
Traditionally, it has been supposed that neutrinos are massless fermions, and
therefore are described by two component Weyl spinors, but according to recent
experimental data [5, 6, 7, 8, 9, 10, 11, 12, 13], neutrinos may have a mass. The
fact that they are electrically neutral, makes possible the existence of two different
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types of massive neutrinos, namely Dirac or Majorana neutrinos. In the first case,
the massive neutrino would be described by a four component Dirac spinor, similar
to the one describing the electron. In the case of Majorana neutrino, the spinor has
only two components, since neutrino and antineutrino are identified.
To have oscillations it is necessary that neutrino masses are not zero and mixing
is present, i.e. that the neutrinos belonging to different generations do have a mixed
mass term. Then the time evolution of a neutrino mixed state would lead to flavor
oscillations, i.e. to a conversion of a neutrino of one flavor into one of another flavor.
Several questions are still open. For example, the nature of the neutrino mass
(Dirac or Majorana) is not understood; it is not justified the smallness of the neutrino
masses with respect to those of the other leptons; it is not clear how the mixing arises
and also it is difficult to understand the large mixing angles necessary to fit the latest
experimental data [5, 6, 7, 8, 9, 10, 11, 12, 13].
On the other hand, from a theoretical point of view, mixing is extremely interest-
ing, since it appear to be a fundamental problem in particle physics.
From a mathematical point of view, the problem in defining properly the Hilbert
space for mixed particles was resolved only recently [18, 19, 20, 21].
It is indeed, a problem of unitarily inequivalent representations: the choice of a
proper Hilbert space, is involved when mixed fields are considered. This is due to
the peculiar mathematical structure of Quantum Field Theory (QFT), where many
inequivalent representations (many different Hilbert space) are allowed for a given
dynamics [22, 23].
This situation contrast the one of Quantum Mechanics, where, due to the von
Neumann theorem, only one Hilbert space is admitted due to the finiteness of the
number of the degrees of freedom of the system under consideration.
It was noted, that in QFT the use of the usual perturbation approach to mixing,
where the flavor quantum states are defined in the Fock space of the mass-eigenstate
fields, leads to certain difficulty [20]. That difficulty originates from the unitary
inequivalence between the quantum states of flavor and the quantum states of energy
[20]. Thus, it was suggested that the problem may be fixed [20, 24] by defining the
flavor states in a (”flavor”) space ”different”, i.e. unitarily inequivalent from the mass
state space.
The non trivial nature of the mixing transformations manifests itself also in the
case of the mixing of boson fields. The mesons that oscillates are: K0− K¯0, B0− B¯0,
D0 − D¯0, and the system η − η′.
Extensive study of the mixing phenomenon with the new definition of the flavor
states both for neutrinos and mesons has been carried out and the general formulation
of such theory for bosons and fermions has been also suggested [20, 21, 24, 25, 26, 27,
28, 29, 30, 31, 32, 33]. Explicit form of the flavor vacuum has been found and it has
been shown that indeed the quantum states of flavor are always unitarily inequivalent
to those of energy.
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In the framework of QFT, exact oscillation formulae has been calculated for neu-
trinos [20, 30] and bosons [26] case and it turned out to have an additional oscillating
term and energy dependent amplitudes, in contrast with the usual quantum mechan-
ical formulas, (Pontecorvo formula [1] in the neutrino case, Gell-Mann Pais formula
[3] in the boson case), which are however recovered in the relativistic limit.
Moreover, the non-perturbative vacuum structure associated with neutrino mixing
leads to a non zero contribution to the value of the cosmological constant [34].
The thesis is organized in the following way:
Part 1 is devoted to the fermion mixing; in particular, in Chapter 1 we present
the neutrino oscillations in Quantum Mechanics and the Bilenky and Pontecorvo
oscillation formulae [1].
The Quantum Field Theoretical formulation of fermion mixing is analyzed in
Chapter 2, where the unitary inequivalence of the flavor and mass representations
is proved, and the currents and charges for mixed fields are introduced and used to
derive the new oscillation formulae, exhibiting corrections with respect to the usual
quantum mechanical ones [18, 19, 20, 21, 24, 25, 28, 29].
The extension of the results to the case of three flavor neutrino mixing and a study
of the algebraic structures and their deformations in the presence of CP violation
[30, 31, 35] are given in Chapters 3 and 4, where by use of the generators of the
mixing transformations, are recovered all the known parametrizations of the three
flavor mixing matrix [14, 15, 17, 36, 37, 38, 39, 40] and a number of new ones are
found [30]. In Chapter 5 it is discussed the mixing and the oscillations of Majorana
fermions in Quantum Field Theory [41]. In Chapter 6 we show that the neutrino
mixing leads to a non-zero contribution to the value of the cosmological constant
[34].
In Part 2 the boson mixing is analyzed.
The usual representation of boson oscillations in Quantum Mechanics, the Gell-
Mann Pais model [3], is presented in Chapter 7.
In Chapter 8 we treat the quantum field theory of boson mixing [26, 42, 43] and
we derive the exact oscillation formulae. In Chapter 9 we analyze phenomenological
aspects of the non-perturbative effect. We argue that the system where the new
oscillation formulae could be best checked are η − η′ and φ− ω mesons [43].
Finally, details of the mathematical formalism are confined to the Appendices
A-K.
The corrections introduced by the present formalism to the usual Quantum Me-
chanics formulae are in principle experimentally testable. The fact that these correc-
tions may be quantitatively below the experimental accuracy reachable at the present
state of the art in the detection of the neutrino and boson oscillations, does not jus-
tify neglecting them in the analysis of the particle mixing and oscillation mechanism.
The exact oscillation formulae derived in QFT are the result of a mathematically
consistent analysis which cannot be ignored in a correct treatment of the field mix-
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ing phenomenon. The QFT formalism accounts for all the known parameterizations
of the mixing matrix and explains their origin and their reciprocal relations, thus
unifying the phenomenological proposals scattered in the literature where such pa-
rameterizations have been presented. Moreover, the QFT formalism clearly points
to the truly non-perturbative character of the particle mixing phenomenon. A lot of
Physics must be there waiting to be discovered.
4
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Chapter 1
Neutrino oscillations in Quantum
Mechanics
In this chapter we present the theoretical model adopted to describe the neutrino
mixing and oscillations in Quantum Mechanics. In particular, the neutrino oscillation
will be treated by using the formalism of Bilenky and Pontecorvo [1].
1.1 Introduction
In the weak interaction it is assumed that the leptonic numbers are strictly conserved.
Then, the neutrino oscillations, that is the mutation of the neutrino flavor, may arise
if, in addition to the usual weak interaction, a super-weak interaction which does not
conserve leptonic numbers is also taking place.
In such a case, the neutrino masses are assumed to be different from zero, and
the state vectors of the ordinary electron, muon and tau neutrinos νe, νµ, ντ (flavor
states), are superpositions of the state vectors of neutrinos ν1, ν2, ν3 (mass states),
which propagate with different frequencies due to different masses m1, m2, m3. Then,
if a beam, of muon neutrinos, for example, is produced in a weak process, at a certain
distance from the production place, the beam will be a coherent superposition of νe,
νµ and ντ , that is, there arise oscillations νe ⇆ νµ ⇆ ντ .
The first theories of neutrino oscillations are formulated with Majorana neutrinos
and Dirac neutrinos and consider only two type of neutrinos, νe and νµ. In both
theories, possible oscillations νe ⇆ νµ, ν¯e ⇆ ν¯µ are described by identical expressions,
in which two parameters are present, the mixing angle θ and the difference ∆m2 ≡
|m21 −m22| of neutrino masses squared.
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We will consider the theories in which the neutrino oscillations arise [1]. They
are all based on the assumption that, in addition to the usual weak interaction,
there exist also an interaction which does not conserve the leptonic numbers. In
agreement with experimental data, it is assumed that this additional interaction is
weaker (super-weak) than the usual weak interaction.
Section 1.2 is devoted to describe the usual weak interaction, in Sections 1.3 and
1.4, the theories with mixing of Majorana neutrinos and Dirac neutrinos, respectively,
are exposed and in Section 1.5 the Pontecorvo oscillation formula is presented.
1.2 Leptonic numbers
The usual weak interaction hamiltonian is
Hw = H
c
w +H
0
w (1.1)
with
Hcw =
G√
2
JαJ¯α (1.2)
where
Jα = (ν¯eLγαeL) + (ν¯µLγαµL) + J
h
α (1.3)
is the weak charged current, Jhα is the hadronic current and
ΨL =
1
2
(
1 + γ5
)
Ψ (1.4)
is the left-handed component of the field operator Ψ. G ≃ 10−5M−2p is the weak
interaction constant, with Mp proton mass.
The second term of Eq.(1.1), H0w is the neutral current contribution, the structure
of which is of no relevance in this contest.
Let us remember that the neutral current for neutrinos is
Jµ(0) (ν) =
1
2
[
ν¯ γµ
(
1− γ5) ν] (1.5)
and for electrons
Jµ(0) (e) =
1
2
[
e¯ γµ
(
gV − gA γ5
)
e
]
(1.6)
where
gV = −1 + 4 sin2 θW (1.7)
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with sin2 θW = (0.23± 0.02), θW is Weinberg angle and gA = −1.
The γj are the Dirac matrices defined as
γj =
(
0 −iσj
iσj 0
)
(1.8)
with j = 1, 2, 3, σj Pauli matrices:
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
(1.9)
moreover
γ4 =
(
I 0
0 I
)
with I =
(
1 0
0 1
)
, (1.10)
and
γ5 =
i
4!
εµνληγ
µγνγλγη, (1.11)
where εµνλη is the totally antisymmetric Levi-Civita tensor defined as
εαβγδ = 0 for any two equal indices
ε0123 = 1
εαβγδ changes sign under interchange of two consecutive indices.
The interaction given by the Hamiltonian Hcw, does conserve separately the sum
of the electron Le, and muon Lµ lepton numbers∑
i
L(i)e = constant, (1.12)∑
i
L(i)µ = constant. (1.13)
The experiments in which the neutrino oscillations are searched for will allow one
to test the hypothesis on the existence of an interaction non-conserving the lepton
numbers.
1.3 Majorana neutrinos
The first theory of neutrino oscillations was based on two component neutrino theory
[1].
According to the theory of the Majorana neutrinos oscillations, only left-handed
components of the neutrinos fields
νeL =
1 + γ5
2
νe, νµL =
1 + γ5
2
νµ (1.14)
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and right-handed components of the antineutrinos fields
νCeR =
1− γ5
2
νCe = (νeL)
C , νCµR =
1− γ5
2
νCµ = (νµL)
C (1.15)
can appear in the hamiltonian.
Here
νCe,µ = Cν¯e,µ (1.16)
is the charge conjugated spinor. The matrix C satisfies the following relations:
C†C = 1
CγTαC
−1 = −γα (1.17)
CT = −C
The hamiltonian of the interaction which does not conserve the lepton numbers,
quadratic in the neutrino fields, has the following general form
H = me¯eν¯
C
eRνeL +mµ¯µν¯
C
µRνµL +mµ¯e
(
ν¯CµRνeL + ν¯
C
eRνµL
)
+ h.c. (1.18)
where the parameters me¯e, mµ¯µ, mµ¯e have the dimensions of a mass.
The hamiltonian Eq.(1.18) can be written more compactly
H = ν¯CRMνL + ν¯LM
†νCR , (1.19)
where
νL =
(
νeL
νµL
)
, νCR =
(
νCeR
νCµR
)
, M =
(
me¯e mµ¯e
mµ¯e mµ¯µ
)
. (1.20)
If the interaction Eq.(1.18) is invariant under the CP -transformation, the param-
eters me¯e, mµ¯µ, mµ¯e are real and
M † = M, MT = M =⇒ M∗ =M. (1.21)
In such a case the interaction hamiltonian can be expressed as follows:
H = ν¯CRM
(
νL + ν
C
R
)
+ ν¯LM
(
νCR + νL
)
(1.22)
To demonstrate Eq.(1.22) we note that the following equality holds
H = ν¯CRMνL + ν¯LMν
C
R = ν¯
C
RM
(
νL + ν
C
R
)
+ ν¯LM
(
νCR + νL
)
. (1.23)
Indeed, being
νL =
1
2
(1 + γ5) ν, ν¯L =
1
2
ν¯ (1− γ5) , (1.24)
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we have
ν¯LνL =
ν¯
4
(1− γ5) (1 + γ5) ν = 0. (1.25)
Likewise
ν¯CRν
C
R = 0. (1.26)
In fact
(1− γ5) (1 + γ5) = 0, (1.27)
since
γ5 =

0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0
 =⇒ γ5 γ5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 . (1.28)
Let we put
χ = νL + ν
C
R =
(
νeL + ν
C
eR
νµL + ν
C
µR
)
=
(
χe
χµ
)
, (1.29)
with χe, χµ fields of Majorana neutrinos, the Hamiltonian Eq.(1.22), then can be
written as
H = χ¯Mχ, (1.30)
moreover we have
χC = Cχ¯ = χ. (1.31)
The matrixM in the Eq.(1.30) can be diagonalized by using the orthogonal matrix
U (UTU = 1):
U =
(
cos θ sin θ
− sin θ cos θ
)
. (1.32)
We have
M = UM0U
−1 (1.33)
with
12
M0 =
(
m1 0
0 m2
)
. (1.34)
The expressions relating the masses m1, m2 and the mixing angle θ to the values
me¯e, mµ¯µ, mµ¯e, are obtained by Eq.(1.33):(
me¯e mµ¯e
mµ¯e mµ¯µ
)
=
(
cos θ sin θ
− sin θ cos θ
)(
m1 0
0 m2
)(
cos θ − sin θ
sin θ cos θ
)
(1.35)
and
me¯e = m1 cos
2 θ +m2 sin
2 θ (1.36)
mµ¯µ = m1 sin
2 θ +m2 cos
2 θ (1.37)
mµ¯e = (−m1 +m2) sin θ cos θ. (1.38)
Then
tg2θ =
2mµ¯e
mµ¯µ −me¯e (1.39)
m1,2 =
1
2
[
me¯e +mµ¯µ ±
√
(me¯e −mµ¯µ)2 + 4m2µ¯e
]
. (1.40)
The oscillations take place if both θ 6= 0 and m1 6= m2.
Moreover for θ = π
4
we have the maximum mixing and then me¯e = mµ¯µ with
mµ¯e 6= 0.
Letting
Φ = UTχ, (1.41)
the Hamiltonian
H = χ¯Mχ (1.42)
becomes
H = Φ¯M0Φ =
∑
σ=1,2
mσΦ¯σΦσ. (1.43)
Then Φ1 and Φ2 are the fields of Majorana neutrinos with masses m1, m2 respec-
tively.
Being
Φ = UTχ =⇒ χ = UΦ, (1.44)
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then the fields νeL, νµL which are present in the ordinary weak interaction hamiltonian,
are connected with the fields of Majorana neutrinos by the relations
νeL =
∑
σ=1,2
U1σΦσL, νµL =
∑
σ=1,2
U2σΦσL. (1.45)
Thus, in the usual weak interaction hamiltonian there appear orthogonal super-
positions of the fields of Majorana neutrinos, the mass of which m1, m2 are not equal
to zero and in such a case there arise the neutrino oscillations. Making use of the
expressions
Φ = UTχ and U =
(
cos θ sin θ
− sin θ cos θ
)
, (1.46)
we have
Φ1 = χ1 cos θ − χ2 sin θ,
Φ2 = χ1 sin θ + χ2 cos θ, (1.47)
and
νeL = Φ1L cos θ + Φ2L sin θ,
νµL = −Φ1L sin θ + Φ2L cos θ. (1.48)
From these expressions it is clear that the angle θ characterizes the degree of
mixing of the Majorana fields Φ1 and Φ2.
1.4 Dirac neutrinos
This theory is based on the analogy between leptons and quarks [1].
The total charged hadronic current is(
Jhα
)
=
(
Jhα
)
C
+
(
Jhα
)
GIM
, (1.49)
where
(
Jhα
)
C
is the hadron Cabibbo current and
(
Jhα
)
GIM
is the hadron current of
the G.I.M. model.
In particular:
(
Jhα
)
C
is given by the expression(
Jhα
)
C
= u¯Lγαd
′
L (1.50)
where
d′ = d cos θc + s sin θc, (1.51)
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with θc Cabibbo angle, u, d, s field operators of the u-quarks
(
Q = 2
3
, T3 =
1
2
, S = 0
)
,
d-quarks
(
Q = −1
3
, T3 = −12 , S = 0
)
, s-quarks
(
Q = −1
3
, T = 0, S = −1) respec-
tively. Moreover, the hadron current of the G.I.M. model
(
Jhα
)
GIM
is(
Jhα
)
GIM
= c¯Lγαs
′
L (1.52)
where
s′ = −d sin θc + s cos θc, (1.53)
c field operator of the c quark
(
Q = 2
3
, T = 0, S = 0, C = 1
)
.
The leptonic current has the same structure as the charged hadron current:
Jα = (ν¯eLγαeL) + (ν¯µLγαµL) . (1.54)
Only the left-handed field components are present in both currents.
Comparing the hadron current with the lepton current Eq.(1.54), we see an im-
portant difference between them: whereas orthogonal superpositions of the d and s
quark fields are present in the hadronic current, in the lepton current the electron
neutrino and muon neutrino fields appear unmixed, (the charged hadron current does
not conserve strangeness, while the lepton current is conserving the lepton numbers).
In order to remove this difference, let us assume that there exist two neutrinos
(ν1, ν2) with finite masses (m1, m2) and that the operators νe, νµ are orthogonal
combinations of ν1, ν2
νe = ν1 cos θ + ν2 sin θ
νµ = −ν1 sin θ + ν2 cos θ (1.55)
where ν1, ν2 are the fields of Dirac neutrinos with masses m1 and m2, θ is the mixing
angle. Let us note that θ is different to the Cabibbo angle θc.
Two values of the mixing angle are of special significance, θ = 0 and θ = π
4
.
The case θ = 0 (no mixing) corresponds to the theory with strict conservation of
the electron and muon lepton number. The case θ = π
4
corresponds to maximum
amplitude of oscillations. Thus in the Dirac theory there is a full analogy between
lepton and quarks weak currents.
In this scheme there is no lepton number distinguishing the two types of neutrinos
ν1 and ν2; the neutrinos ν1 and ν2 differ only in their mass values (just as the d and
s quarks do).
The mass term of the hamiltonian in the Dirac theory has the form
H1 = m1ν¯1ν1 +m2ν¯2ν2. (1.56)
Let us express ν1 and ν2 through νe and νµ. We get
H1 = meeν¯eνe +mµµν¯µνµ +mµe(ν¯µνe + ν¯eνµ) (1.57)
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with
mee = m1 cos
2 θ +m2 sin
2 θ (1.58)
mµµ = m1 sin
2 θ +m2 cos
2 θ (1.59)
mµe = (−m1 +m2) sin θ cos θ. (1.60)
Where mee and mµµ are the bare masses of electron and muon neutrinos.
The term
H = mµe(ν¯µνe + ν¯eνµ), (1.61)
in H1, does not conserve separately Le and Lµ, but conserve Le + Lµ; then H is a
super-weak interaction that does not conserve the leptonic number.
The masses m1, m2 and the mixing angle θ are related to the values mee, mµµ,
mµe, by
tg2θ =
2mµe
mµµ −mee (1.62)
m1,2 =
1
2
[
mee +mµµ ±
√
(mee −mµµ)2 + 4m2µe
]
(1.63)
These results are to be compared with the corresponding ones for the Majorana
case in Section 1.3.
We have been considering the simplest theories with mixing of two neutrinos with
finite masses.
In both the theories of Majorana and of Dirac, the neutrino masses are not equal
to zero and the operators of neutrino fields are present in the hamiltonian in the form
of orthogonal combinations.
The hamiltonian of the Majorana theory does not conserve the muon Lµ and the
electron Le lepton numbers. The hamiltonian of the Dirac theory is conserving the
sum Le+Lµ. The neutrino oscillations are described by identical expressions in both
theories. Contrarily to the Dirac theory, the Majorana theory allows in principle the
existence of neutrino-less double beta decay and of other processes in which Le + Lµ
is not conserved (see Appendix A).
In the Majorana theory every type of neutrino is associated with two states; in
the Dirac theory there are four states for every neutrino type. In this sense, in the
Majorana theory there is no analogy between leptons and quarks.
1.5 Neutrino oscillations
The theories we have considered above lead to neutrino oscillations [1]. Let us denote
by |νe〉, and |νµ〉 the state vectors of the electron and muon neutrinos with momentum
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p and helicity equal to −1. From
νeL =
∑
σ=1,2
U1σΦσL, νµL =
∑
σ=1,2
U2σΦσL
νe = ν1 cos θ + ν2 sin θ, νµ = −ν1 sin θ + ν2 cos θ,
it follows that
|νl〉 =
∑
σ=1,2
Ulσ|νσ〉 (1.64)
with l = e, µ.
Here |νσ〉, with σ = 1, 2, is the state vector of the neutrino with mass mσ, mo-
mentum p, helicity −1. The orthogonal matrix U has the form of the Eq.(1.32).
The vectors |νσ〉 describe both Majorana neutrinos and Dirac neutrinos.
We have
H|νσ〉 = E|νσ〉 (1.65)
where H is the total hamiltonian and Eσ =
√
m2σ + p
2.
We also have
|νσ〉 =
∑
l=e,µ
Ulσ|νl〉. (1.66)
Let us consider the behavior of the beam of neutrinos, at initial time (t = 0) such
a beam is described by the vector |νl〉. At time t the state vector of the beam is given
by the expression
|νl(t)〉 = e−iHt|νl〉 =
∑
σ=1,2
Ulσe
−iEσt|νσ〉. (1.67)
Then the neutrino beam is not described by a stationary state, but by a super-
positions of stationary states. This happens because |νl〉 is not an eigenstate of the
hamiltonian H .
If we denote with
aνl′ ;νl(t) =
∑
σ=1,2
Ulσe
−iEσtUl′σ (1.68)
the probability amplitude of finding νl′ at a time t after the generation of νl, then we
can expand the state vector Eq.(1.67) in terms of vectors |νl′〉
|νl(t)〉 =
∑
l′=e,µ
aνl′ ;νl(t)|νl′〉. (1.69)
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We have also
aνl′ ;νl(0) =
∑
σ=1,2
UlσUl′σ = δl′l. (1.70)
Clearly in the case m1 6= m2 and Ulσ 6= δlσ, we have aνe;νµ(t) = aνµ;νe(t) 6= 0 that
is there arise oscillations νe ⇄ νµ.
The probability of transitions νl ⇄ νl′ is given by the expression
Pνl′→νl(t) = Pνl→νl′ (t) =
∑
σ,σ′
UlσUl′σUlσ′Ul′σ′ cos (Eσ −Eσ′) t. (1.71)
It easy to see that the probabilities Pνl′→νl(t) satisfy the relation∑
l′=e,µ
Pνl′→νl(t) = 1. (1.72)
In the case p≫ m1, m2 , which is of interest, we have
Ei =
√
p2c2 +m2i c
4 ≅ pc
(
1 +
m2i c
2
2p2
)
= pc+
m2i c
3
2p
, and setting c = 1 :
Ei = p+
m2i
2p
=⇒ E1 − E2 = m
2
1 −m22
2p
. (1.73)
Making use of expressions of U and Pνl′→νl(t), and indicating with
L =
4πp
|m21 −m22|
(1.74)
the oscillation length, the probability of finding νl′ at a distance R from a source of
νl is
Pνe→νe(R) = Pνµ→νµ(R) = 1−
1
2
sin2 2θ
(
1− cos 2πR
L
)
, (1.75)
Pνe→νµ(R) = Pνµ→νe(R) =
1
2
sin2 2θ
(
1− cos 2πR
L
)
. (1.76)
Which can be expressed also as [1]
Pνe→νe(t) = Pνµ→νµ(t) = 1− sin2 2θ sin2
(
∆ω
2
t
)
, (1.77)
Pνe→νµ(t) = Pνµ→νe(t) = sin
2 2θ sin2
(
∆ω
2
t
)
, (1.78)
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where ∆ω = ω1−ω2, is the energy difference of the mass components. The probability
conservation is satisfied
Pνe→νe(t) + Pνe→νµ(t) = 1. (1.79)
The Eqs.(1.77), (1.78) are the Bilenky-Pontecorvo formulas for neutrino oscillations.
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Chapter 2
Quantum field theory of fermion
mixing
The fermion mixing transformations are studied in the quantum field theory frame-
work. In particular neutrino mixing is considered and the Fock space of definite flavor
states is shown to be unitarily inequivalent to the Fock space of definite mass states.
We study the structure of the currents and charges for the mixed fermion fields and
the flavor oscillation formula is computed for two flavors mixing, the oscillation am-
plitude is found to be momentum dependent. The flavor vacuum state exhibits the
structure of SU(2) generalized coherent state.
2.1 Introduction
The purpose of the present chapter is the study of the quantum field theory (QFT)
framework of the fermion mixing transformations, thus focusing the attention on the
theoretical structure of fermion mixing.
We will consider, in particular, neutrino mixing transformations and this anal-
ysis will lead to some modifications of the quantum mechanics neutrino oscillation
formulas.
The chapter is organized as follows. In Section 2.2 we study the generator of the
Pontecorvo neutrino mixing transformations (two flavors mixing for Dirac fields). We
show that in the Lehmann-Symanzik-Zimmermann (LSZ) formalism of quantum field
theory [22, 23] the Fock space of the flavor states is unitarily inequivalent to the Fock
space of the mass eigenstates in the infinite volume limit [25]. The flavor states are
obtained as condensate of massive neutrino pairs and exhibit the structure of SU(2)
coherent states [44]. In Section 2.3 we generalize the mixing transformations, indeed
we expand the flavor fields in a basis with arbitrary masses [28, 29]. In Section 2.4
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we analyze the structure of currents for mixed fermion fields [19] and in Section 2.5
we derive the neutrino flavor oscillation formulae [20, 21]. Finally, the Section 2.6 is
devoted to the conclusions. We confine mathematical details to the Appendices B,
C, D.
2.2 The vacuum structure for fermion mixing
We consider the Pontecorvo mixing relations [1], although the following discussion
applies to any Dirac fields.
The mixing relations are
νe(x) = ν1(x) cos θ + ν2(x) sin θ (2.1)
νµ(x) = −ν1(x) sin θ + ν2(x) cos θ
where νe(x) and νµ(x) are the Dirac neutrino fields with definite flavors. ν1(x) and
ν2(x) are the free neutrino fields with definite masses m1 and m2, respectively. The
fields ν1(x) and ν2(x) are written as
νi(x) =
1√
V
∑
k,r
[
urk,i(t)α
r
k,i(t) + v
r
−k,i(t)β
r†
−k,i(t)
]
eik·x, i = 1, 2 (2.2)
with
urk,i(t) = e
−iωk,iturk,i and v
r
k,i(t) = e
iωk,itvrk,i, (2.3)
u1k,i =
(
ωk,i +mi
2ωk,i
) 1
2

1
0
k3
ωk,i+mi
k1+ik2
ωk,i+mi
 ; u2k,i =
(
ωk,i +mi
2ωk,i
) 1
2

0
1
k1−ik2
ωk,i+mi−k3
ωk,i+mi

v1−k,i =
(
ωk,i +mi
2ωk,i
) 1
2

−k3
ωk,i+mi−k1−ik2
ωk,i+mi
1
0
 ; v2−k,i =
(
ωk,i +mi
2ωk,i
) 1
2

−k1+ik2
ωk,i+mi
k3
ωk,i+mi
0
1

and
ωk,i =
√
k2 +m2i . (2.4)
The operator αrk,i and β
r
k,i, i = 1, 2 , r = 1, 2 are the annihilator operators for the
vacuum state |0〉1,2 ≡ |0〉1 ⊗ |0〉2: αrk,i|0〉12 = βrk,i|0〉12 = 0.
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The anticommutation relations are:{
ναi (x), ν
β†
j (y)
}
t=t′
= δ3(x− y)δαβδij , α, β = 1, ...4, (2.5)
{
αrk,i, α
s†
q,j
}
= δkqδrsδij ;
{
βrk,i, β
s†
q,j
}
= δkqδrsδij, i, j = 1, 2. (2.6)
All other anticommutators are zero. The orthonormality and completeness rela-
tions are
ur†k,iu
s
k,i = v
r†
k,iv
s
k,i = δrs, (2.7)
ur†k,iv
s
−k,i = v
r†
−k,iu
s
k,i = 0, (2.8)∑
r
(urk,iu
r†
k,i + v
r
−k,iv
r†
−k,i) = 1. (2.9)
The Eqs.(2.1) relate the respective hamiltonians H1,2 (we consider only the mass
terms) and He,µ [1]:
H1,2 = m1 ν
†
1ν1 +m2 ν
†
2ν2 (2.10)
He,µ = mee ν
†
eνe +mµµ ν
†
µνµ +meµ
(
ν†eνµ + ν
†
µνe
)
(2.11)
where
mee = m1 cos
2 θ +m2 sin
2 θ, (2.12)
mµµ = m1 sin
2 θ +m2 cos
2 θ, (2.13)
meµ = (m2 −m1) sin θ cos θ. (2.14)
In QFT the basic dynamics, i.e. the Lagrangian and the resulting field equations,
is given in terms of Heisenberg (or interacting) fields. The physical observables are
expressed in terms of asymptotic in- (or out-) fields, also called physical or free fields.
In the LSZ formalism of QFT [22, 23], the free fields, say for definitiveness the in-
fields, are obtained by the weak limit of the Heisenberg fields for time t→ −∞. The
meaning of the weak limit is that the realization of the basic dynamics in terms of
the in-fields is not unique so that the limit for t → −∞ (or t → +∞ for the out-
fields) is representation dependent. The representation dependence of the asymptotic
limit arises from the existence in QFT of infinitely many unitarily non-equivalent
representations of the canonical (anti-)commutation relations [22, 23]. Of course,
since observables are described in terms of asymptotic fields, unitarily inequivalent
representations describe different, i.e. physically inequivalent, phases. It is therefore
of crucial importance, in order to get physically meaningful results, to investigate
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with much care the mapping among Heisenberg or interacting fields and free fields.
Such a mapping is usually called the Haag expansion or the dynamical map [22, 23].
Only in a very rude and naive approximation we may assume that interacting fields
and free fields share the same vacuum state and the same Fock space representation.
We stress that the above remarks apply to QFT, namely to systems with infinite
number of degrees of freedom. In quantum mechanics, where finite volume systems
are considered, the von Neumann theorem ensures that the representations of the
canonical commutation relations are each other unitary equivalent and no problem
arises with uniqueness of the asymptotic limit. In QFT, however, the von Neumann
theorem does not hold and much more careful attention is required when considering
any mapping among interacting and free fields [22, 23].
With this warnings, mixing relations such as the relations Eqs.(2.1) deserve a
careful analysis. In fact we will investigate the structure of the Fock spaces H1,2 and
He,µ relative to ν1(x), ν2(x) and νe(x), νµ(x), respectively. In particular we will study
the relation among these spaces in the infinite volume limit. We expect that H1,2
and He,µ become orthogonal in such a limit, since they represent the Hilbert spaces
for free and interacting fields, respectively [22, 23]. In the following, we will perform
all computations at finite volume V and only at the end we will put V →∞.
We construct the generator for the mixing transformation Eqs.(2.1) and define
[25]:
ναe (x) = G
−1
θ (t) ν
α
1 (x) Gθ(t) (2.15)
ναµ (x) = G
−1
θ (t) ν
α
2 (x) Gθ(t)
where Gθ(t) is given by
Gθ(t) = exp
[
θ
∫
d3x
(
ν†1(x)ν2(x)− ν†2(x)ν1(x)
)]
, (2.16)
and is, at finite volume, an unitary operator: G−1θ (t) = G−θ(t) = G
†
θ(t), preserving the
canonical anticommutation relations Eqs.(2.5). To obtain the Eq.(2.16), we observe
that, from Eqs.(2.15),
d2ναe /dθ
2 = −ναe , d2ναµ/dθ2 = −ναµ , (2.17)
by using the initial conditions
ναe |θ=0 = να1 , dναe /dθ|θ=0 = να2 and ναµ |θ=0 = να2 , dναµ/dθ|θ=0 = −να1 , (2.18)
the operator Gθ(t) generates Eqs.(2.1).
By introducing the operators
S+(t) ≡
∫
d3x ν†1(x)ν2(x) , S−(t) ≡
∫
d3x ν†2(x)ν1(x) = (S+)
† , (2.19)
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Gθ(t) can be written as
Gθ(t) = exp[θ(S+ − S−)] . (2.20)
Introducing S3 and the Casimir operator S0 (proportional to the total charge) as
follows
S3 ≡ 1
2
∫
d3x
(
ν†1(x)ν1(x)− ν†2(x)ν2(x)
)
, (2.21)
S0 ≡ 1
2
∫
d3x
(
ν†1(x)ν1(x) + ν
†
2(x)ν2(x)
)
, (2.22)
the su(2) algebra is closed:
[S+(t), S−(t)] = 2S3 , [S3, S±(t)] = ±S±(t) , [S0, S3] = [S0, S±(t)] = 0 . (2.23)
The momentum expansion of S+(t), S−(t), S3, and S0, is given by using the
Eq.(2.2):
S+(t) ≡
∑
k
Sk+(t) =
∑
k
∑
r,s
(
ur†k,1(t)u
s
k,2(t)α
r†
k,1α
s
k,2 + v
r†
−k,1(t)u
s
k,2(t)β
r
−k,1α
s
k,2+
+ur†k,1(t)v
s
−k,2(t)α
r†
k,1β
s†
−k,2 + v
r†
−k,1(t)v
s
−k,2(t)β
r
−k,1β
s†
−k,2
)
, (2.24)
S−(t) ≡
∑
k
Sk−(t) =
∑
k
∑
r,s
(
ur†k,2(t)u
s
k,1(t)α
r†
k,2α
s
k,1 + v
r†
−k,2(t)u
s
k,1(t)β
r
−k,2α
s
k,1+
+ur†k,2(t)v
s
−k,1(t)α
r†
k,2β
s†
−k,1 + v
r†
−k,2(t)v
s
−k,1(t)β
r
−k,2β
s†
−k,1
)
, (2.25)
S3 ≡
∑
k
Sk3 =
1
2
∑
k,r
(
αr†k,1α
r
k,1 − βr†−k,1βr−k,1 − αr†k,2αrk,2 + βr†−k,2βr−k,2
)
, (2.26)
S0 ≡
∑
k
Sk0 =
1
2
∑
k,r
(
αr†k,1α
r
k,1 − βr†−k,1βr−k,1 + αr†k,2αrk,2 − βr†−k,2βr−k,2
)
. (2.27)
We observe that the operatorial structure of Eqs.(2.24) and (2.25) is the one of
the rotation generator and of the Bogoliubov generator. Using these expansions it is
easy to show that the su(2) algebra does hold for each momentum component:[
Sk+(t), S
k
−(t)
]
= 2Sk3 ,
[
Sk3 (t), S
k
±(t)
]
= ±Sk±(t),
[
Sk0 , S
k
3
]
=
[
Sk0 , S
k
±
]
= 0,
(2.28)
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[
Sk±(t), S
p
±(t)
]
=
[
Sk3 (t), S
p
±(t)
]
=
[
Sk3 , S
p
3
]
= 0, k 6= p. (2.29)
This means that the original su(2) algebra given in Eqs.(2.23) splits into k disjoint
suk(2) algebras, given by Eqs.(2.28), i.e. we have the group structure
⊗
k SUk(2).
To establish the relation between the Hilbert spaces for free fields H1,2 and inter-
acting fields He,µ we consider the generic matrix element 1,2〈a|να1 (x)|b〉1,2 (a similar
argument holds for να2 (x)), where |a〉1,2 is the generic element of H1,2. Using the
inverse of the first of the Eqs.(2.15), we obtain:
1,2〈a|Gθ(t) ναe (x) G−1θ (t)|b〉1,2 = 1,2〈a|να1 (x)|b〉1,2 . (2.30)
Since the operator field νe is defined on the Hilbert space He,µ, Eq.(2.30) shows
that G−1θ (t)|a〉1,2 is a vector of He,µ, so G−1θ (t) maps H1,2 to He,µ:
G−1θ (t) : H1,2 7→ He,µ. (2.31)
In particular for the vacuum |0〉1,2 we have, at finite volume V :
|0(t)〉e,µ = G−1θ (t) |0〉1,2 . (2.32)
|0〉e,µ is the vacuum for He,µ, which we will refer to as the flavor vacuum. Due to the
linearity of Gθ(t), we can define the flavor annihilators, relative to the fields νe(x)
and νµ(x) at each time expressed as
αrk,e(t) |0(t)〉e,µ = G−1θ (t) αrk,1 |0〉1,2 = 0,
αrk,µ(t) |0(t)〉e,µ = G−1θ (t) αrk,2 |0〉1,2 = 0,
βrk,e(t) |0(t)〉e,µ = G−1θ (t) βrk,1 |0〉1,2 = 0, (2.33)
βrk,µ(t) |0(t)〉e,µ = G−1θ (t) βrk,2 |0〉1,2 = 0,
in the following way
αrk,e(t) ≡ G−1θ (t) αrk,1 Gθ(t),
αrk,µ(t) ≡ G−1θ (t) αrk,2 Gθ(t),
βrk,e(t) ≡ G−1θ (t) βrk,1 Gθ(t), (2.34)
βrk,µ(t) ≡ G−1θ (t) βrk,2 Gθ(t).
The flavor fields are then rewritten into the form:
νe(x, t) =
1√
V
∑
k,r
eik.x
[
urk,1(t)α
r
k,e(t) + v
r
−k,1(t)β
r†
−k,e(t)
]
, (2.35)
νµ(x, t) =
1√
V
∑
k,r
eik.x
[
urk,2(t)α
r
k,µ(t) + v
r
−k,2(t)β
r†
−k,µ(t)
]
, (2.36)
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i.e. they can be expanded in the same bases as ν1 and ν2, respectively.
The flavor annihilation operators can be calculated explicitly, we have
αrk,e(t) = cos θ α
r
k,1 + sin θ
∑
s
[
ur†k,1(t)u
s
k,2(t) α
s
k,2 + u
r†
k,1(t)v
s
−k,2(t) β
s†
−k,2
]
αrk,µ(t) = cos θ α
r
k,2 − sin θ
∑
s
[
ur†k,2(t)u
s
k,1(t) α
s
k,1 + u
r†
k,2(t)v
s
−k,1(t) β
s†
−k,1
]
βr−k,e(t) = cos θ β
r
−k,1 + sin θ
∑
s
[
vs†−k,2(t)v
r
−k,1(t) β
s
−k,2 + u
s†
k,2(t)v
r
−k,1(t) α
s†
k,2
]
βr−k,µ(t) = cos θ β
r
−k,2 − sin θ
∑
s
[
vs†−k,1(t)v
r
−k,2(t) β
s
−k,1 + u
s†
k,1(t)v
r
−k,2(t) α
s†
k,1
]
.
(2.37)
Without loss of generality, we can choose the reference frame such that k =
(0, 0, |k|). This implies that only the products of wave functions with r = s will
survive, i.e. the spins decouple and the Eqs.(2.37) assume the simpler form:
αrk,e(t) = cos θ α
r
k,1 + sin θ
(
U∗k(t) α
r
k,2 + ǫ
r Vk(t) β
r†
−k,2
)
αrk,µ(t) = cos θ α
r
k,2 − sin θ
(
Uk(t) α
r
k,1 − ǫr Vk(t) βr†−k,1
)
βr−k,e(t) = cos θ β
r
−k,1 + sin θ
(
U∗k(t) β
r
−k,2 − ǫr Vk(t) αr†k,2
)
(2.38)
βr−k,µ(t) = cos θ β
r
−k,2 − sin θ
(
Uk(t) β
r
−k,1 + ǫ
r Vk(t) α
r†
k,1
)
,
with ǫr = (−1)r and
Uk(t) ≡ ur†k,2(t)urk,1(t) = vr†−k,1(t)vr−k,2(t)
Vk(t) ≡ ǫr ur†k,1(t)vr−k,2(t) = −ǫr ur†k,2(t)vr−k,1(t) (2.39)
We have:
Vk(t) = |Vk| ei(ωk,2+ωk,1)t , Uk(t) = |Uk| ei(ωk,2−ωk,1)t; (2.40)
|Uk| =
(
ωk,1 +m1
2ωk,1
) 1
2
(
ωk,2 +m2
2ωk,2
) 1
2
(
1 +
k2
(ωk,1 +m1)(ωk,2 +m2)
)
|Vk| =
(
ωk,1 +m1
2ωk,1
) 1
2
(
ωk,2 +m2
2ωk,2
) 1
2
(
k
(ωk,2 +m2)
− k
(ωk,1 +m1)
)
(2.41)
|Uk|2 + |Vk|2 = 1. (2.42)
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We thus see that, at level of annihilation operators, the structure of the mixing
transformation is that of a Bogoliubov transformation nested into a rotation. The
two transformations however cannot be disentangled, thus the mixing transformations
Eq.(2.38) are essentially different from the usual Bogoliubov transformations.
We observe that G−1θ (t) = exp[θ(S− − S+)] is just the generator for generalized
coherent states of SU(2): the flavor vacuum state is therefore an SU(2) (time de-
pendent) coherent state. Let us now obtain the explicit expression for |0〉e,µ and
investigate the infinite volume limit of Eq.(2.32).
Using the Gaussian decomposition, G−1θ (t) can be written as
G−1θ (t) = exp[θ(S− − S+)] = exp(−tanθ S+) exp(−2ln cosθ S3) exp(tanθ S−)
(2.43)
where 0 ≤ θ < π
2
. Eq.(2.32) then becomes
|0〉e,µ =
∏
k
|0〉ke,µ =
∏
k
exp(−tanθ Sk+)exp(−2ln cosθ Sk3 ) exp(tanθ Sk−)|0〉1,2 .
(2.44)
The right hand side of Eq.(2.44) may be computed by using the relations
Sk3 |0〉1,2 = 0 , Sk±|0〉1,2 6= 0 , (Sk±)2|0〉1,2 6= 0 , (Sk±)3|0〉1,2 = 0 , (2.45)
and other useful relations which are given in the Appendix B. The expression for
|0〉e,µ in terms of Sk± and Sk3 is:
|0〉e,µ =
∏
k
|0〉ke,µ =
∏
k
[
1 + sin θ cos θ
(
Sk− − Sk+
)
+
1
2
sin2 θ cos2 θ
(
(Sk−)
2 + (Sk+)
2
)
+
− sin2 θSk+Sk− +
1
2
sin3 θ cos θ
(
Sk−(S
k
+)
2 − Sk+(Sk−)2
)
+
1
4
sin4 θ(Sk+)
2(Sk−)
2
]
|0〉1,2 .
(2.46)
The state |0〉e,µ is normalized to 1 (see Eq.(2.32)). Eq.(2.46) and Eqs.(2.24) and
(2.25) exhibit the rich coherent state structure of |0〉e,µ.
Let us now compute 1,2〈0|0〉e,µ. We obtain
1,2〈0|0〉e,µ =
∏
k
(
1− sin2 θ 1,2〈0|Sk+Sk−|0〉1,2 +
1
4
sin4 θ 1,2〈0|(Sk+)2(Sk−)2|0〉1,2
)
(2.47)
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where (see Appendix B)
1,2〈0|Sk+Sk−|0〉1,2 =
= 1,2〈0|
(∑
σ,τ
∑
r,s
[
vσ†−k,1(t)u
τ
k,2(t)
] [
us†k,2(t)v
r
−k,1(t)
]
βσ−k,1α
τ
k,2α
s†
k,2β
r†
−k,1
)
|0〉1,2 =
=
∑
r,s
| vr†−k,1(t)usk,2(t) |2 ≡ 2|Vk|2 . (2.48)
In a similar way we find
1,2〈0|(Sk+)2(Sk−)2|0〉1,2 = 2|Vk|4 . (2.49)
The function |Vk|2 depends on |k| only through its modulus and it is always in the
interval [0, 1
2
[. It has a maximum at |k| = √m1m2 (√m1m2 is the scale of the
condensation density) and |Vk|2 = 0 when m1 = m2. Also, |Vk|2 → 0 when k →∞.
In conclusion we have
1,2〈0|0〉e,µ =
∏
k
(
1− sin2 θ |Vk|2
)2 ≡∏
k
Γ(k) = (2.50)
=
∏
k
eln Γ(k) = e
∑
k
ln Γ(k).
From the properties of |Vk|2 we have that Γ(k) < 1 for any value of k and of the
parameters m1 and m2. By using the continuous limit relation
∑
k → V(2π)3
∫
d3k,
in the infinite volume limit we obtain
lim
V→∞ 1,2
〈0|0〉e,µ = lim
V→∞
e
V
(2pi)3
∫
d3k ln Γ(k)
= 0 (2.51)
Notice that Eq.(2.51) shows that the orthogonality between |0〉e,µ and |0〉1,2 is due to
the infrared contributions which are taken in care by the infinite volume limit and
therefore high momentum contributions do not influence the result (for this reason
here we do not need to consider the regularization problem of the UV divergence of
the integral of ln Γ(k)).
Of course, this orthogonality disappears when θ = 0 and/or when m1 = m2
(because in this case |Vk|2 = 0 and no mixing occurs in Pontecorvo theory).
Eq.(2.51) expresses the unitary inequivalence in the infinite volume limit of the
flavor and the mass representations and shows the absolutely non-trivial nature of the
mixing transformations Eq.(2.1). In other words, the mixing transformations induce
a physically non-trivial structure in the flavor vacuum which indeed turns out to be
an SU(2) generalized coherent state. In Section 2.5 we will see how such a vacuum
structure may lead to phenomenological consequences in the neutrino oscillations.
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From Eq.(2.51) we also see that Eq.(2.32) is a purely formal expression which only
holds at finite volume.
We thus realize the limit of validity of the approximation usually adopted when
the mass vacuum state (representation for definite mass operators) is identified with
the vacuum for the flavor operators. We point out that even at finite volume the
vacua identification is actually an approximation since the flavor vacuum is an SU(2)
generalized coherent state. In such an approximation, the coherent state structure
and many physical features are missed.
It is also interesting to exhibit the explicit expression of |0〉ke,µ, at time t = 0, in
the reference frame for which k = (0, 0, |k|) (see Appendix D):
|0〉ke,µ =
∏
r
[
(1− sin2 θ |Vk|2)− ǫr sin θ cos θ |Vk|(αr†k,1βr†−k,2 + αr†k,2βr†−k,1) +
+ ǫr sin2 θ |Vk||Uk|(αr†k,1βr†−k,1 − αr†k,2βr†−k,2) + sin2 θ |Vk|2αr†k,1βr†−k,2αr†k,2βr†−k,1
]
|0〉1,2
(2.52)
We see that the expression of the flavor vacuum |0〉e,µ involves four different
particle-antiparticle ”couples”.
The condensation density is given by
e,µ〈0|αr†k,iαrk,i|0〉e,µ = e,µ〈0|βr†k,iβrk,i|0〉e,µ = sin2 θ |Vk|2 , i = 1, 2 . (2.53)
2.3 Generalization of mixing transformations
In Section 2.2 we have expressed the flavor fields νe and νµ in the same bases as the
(free) fields with definite masses ν1 and ν2, respectively. However, it has been noticed
[28, 29], that this is actually a special choice, and that a more general possibility
exists.
Let us introduce the notation (σ, j) = (e, 1), (µ, 2), the fields νe and νµ can be
rewritten in the following form:
νσ(x) = G
−1
θ (t) νj(x)Gθ(t) =
1√
V
∑
k,r
[
urk,jα
r
k,σ(t) + v
r
−k,jβ
r†
−k,σ(t)
]
eik·x,
(2.54)
The flavor annihilation operators are rewritten as(
αrk,σ(t)
βr†−k,σ(t)
)
= G−1θ (t)
(
αrk,j(t)
βr†−k,j(t)
)
Gθ(t) (2.55)
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and the explicit expression of the flavor annihilation operators is (we choose k =
(0, 0, |k|)):
αrk,e(t)
αrk,µ(t)
βr†−k,e(t)
βr†−k,µ(t)
 =

cθ sθ |Uk| 0 sθ ǫr |Vk|
−sθ |Uk| cθ sθ ǫr |Vk| 0
0 −sθ ǫr |Vk| cθ sθ |Uk|
−sθ ǫr |Vk| 0 −sθ |Uk| cθ


αrk,1(t)
αrk,2(t)
βr†−k,1(t)
βr†−k,2(t)

(2.56)
where cθ ≡ cos θ, sθ ≡ sin θ, ǫr ≡ (−1)r
In the expansion Eq.(2.54) one could use eigenfunctions with arbitrary masses µσ,
and therefore not necessarily the same as the masses which appear in the Lagrangian.
Indeed, the transformation Eq.(2.55) can be generalized [28, 29] by writing the flavor
fields as
νσ(x) =
1√
V
∑
k,r
[
urk,σα˜
r
k,σ(t) + v
r
−k,σβ˜
r†
−k,σ(t)
]
eik·x, (2.57)
where uσ and vσ are the helicity eigenfunctions with mass µσ
1. We denote by a
tilde the generalized flavor operators [28, 29] in order to distinguish them from the
ones defined in Eq.(2.55). The expansion Eq.(2.57) is more general than the one in
Eq.(2.54) since the latter corresponds to the particular choice µe ≡ m1, µµ ≡ m2.
The relation between the general flavor and the mass operators is now:(
α˜rk,σ(t)
β˜r†−k,σ(t)
)
= K−1θ,µ(t)
(
αrk,j(t)
βr†−k,j(t)
)
Kθ,µ(t) , (2.58)
with (σ, j) = (e, 1), (µ, 2), where Kθ,µ(t) is the generator of the transformation
Eq.(2.1) and can be expressed as
Kθ,µ(t) = Iµ(t)Gθ(t) (2.59)
Iµ(t) =
∏
k,r
exp
i∑
(σ,j)
ξkσ,j
[
αr†k,j(t)β
r†
−k,j(t) + β
r
−k,j(t)α
r
k,j(t)
] (2.60)
with
ξkσ,j ≡ (χσ − χj)/2, cotχσ = |k|/µσ, cotχj = |k|/mj. (2.61)
For µe ≡ m1, µµ ≡ m2, we have Iµ(t) = 1.
1The use of such a basis simplifies considerably calculations with respect to the original choice
of ref.[25].
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The explicit matrix form of the flavor operators is [28, 29]:
α˜rk,e(t)
α˜rk,µ(t)
β˜r†−k,e(t)
β˜r†−k,µ(t)
 =

cθ ρ
k
e1 sθ ρ
k
e2 icθ λ
k
e1 isθ λ
k
e2
−sθ ρkµ1 cθ ρkµ2 −isθ λkµ1 icθ λkµ2
icθ λ
k
e1 isθ λ
k
e2 cθ ρ
k
e1 sθ ρ
k
e2
−isθ λkµ1 icθ λkµ2 −sθ ρkµ1 cθ ρkµ2


αrk,1(t)
αrk,2(t)
βr†−k,1(t)
βr†−k,2(t)
 (2.62)
where cθ ≡ cos θ, sθ ≡ sin θ and
ρkabδrs ≡ cos
(
χa − χb
2
)
δrs = u
r†
k,au
s
k,b = v
r†
−k,av
s
−k,b (2.63)
iλkabδrs ≡ i sin
(
χa − χb
2
)
δrs = u
r†
k,av
s
−k,b = v
r†
−k,au
s
k,b (2.64)
with a, b = 1, 2, e, µ.
Since ρk12 = |Uk| and iλk12 = ǫr|Vk|, etc., the operators Eq.(2.62) reduce to the
ones in Eqs.(2.56) when µe ≡ m1 and µµ ≡ m22.
The generalization of the flavor vacuum, which is annihilated by the general flavor
operators given by Eq.(2.58), is [28, 29]:
|0˜(t)〉e,µ ≡ K−1θ,µ(t)|0〉1,2 . (2.65)
For µe ≡ m1 and µµ ≡ m2, this state reduces to the flavor vacuum |0(t)〉e,µ above
defined.
The relation between the general flavor operators of Eq.(2.58) and the flavor
operators of Eq.(2.55) is [28, 29]:(
α˜rk,σ(t)
β˜r†−k,σ(t)
)
= J−1µ (t)
(
αrk,σ(t)
βr†−k,σ(t)
)
Jµ(t) , (2.66)
Jµ(t) =
∏
k,r
exp
i∑
(σ,j)
ξkσ,j
[
αr†k,σ(t)β
r†
−k,σ(t) + β
r
−k,σ(t)α
r
k,σ(t)
] .(2.67)
We have shown that the Hilbert space for the flavor fields is not unique: an infinite
number of vacua (and consequently infinitely many Hilbert spaces) can be generated
by introducing the arbitrary mass parameters µe, µµ. It is obvious that physical
quantities must not depend on these parameters. In Section 2.6 we show indeed that
the observable charge operators are invariant under the transformations generated
by Eq.(2.67). Thus, physical observables are fully independent of the arbitrary mass
parameters µσ. See also Appendix I.
2In performing such an identification, one should take into account that the operators for antipar-
ticles differ for a minus sign, related to the different spinor bases used in the expansions Eqs.(2.54)
and (2.57). Such a sign difference is however irrelevant in what follows.
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2.4 The current structure for field mixing
We now analize the transformations acting on a doublet of free fields with different
masses. The results of this Section clarify the meaning of the su(2) algebraic structure
found before and will be useful in the discussion of neutrino oscillations.
Let us consider the Lagrangian describing two free Dirac fields with masses m1
and m2:
L(x) = Ψ¯m(x) (i 6∂ −Md)Ψm(x) , (2.68)
where ΨTm = (ν1, ν2) and Md = diag(m1, m2). We introduce a subscript m, in order to
distinguish the quantities here introduced, which are in terms of fields with definite
masses, from the ones which are in terms of flavor fields.
The Lagrangian L(x) is invariant under global U(1) phase transformations of the
type
Ψ
′
m(x) = e
iαΨm(x), (2.69)
then, we have the conservation of the Noether charge
Q=
∫
I0(x)d3x (2.70)
(with Iµ(x) = Ψ¯m(x)γ
µΨm(x)) which is indeed the total charge of the system, i.e.
the total lepton number.
Consider then the global SU(2) transformation [19]:
Ψ
′
m(x) = e
iαj ·τjΨm(x) j = 1, 2, 3. (2.71)
with αj real constants, τj = σj/2 and σj being the Pauli matrices.
Since the masses m1 and m2 are different, the Lagrangian is not invariant under
the above transformations. By use of equations of motion, we obtain the variation of
the Lagrangian:
δL = iαjΨ¯m(x) [τj , Md] Ψm(x) = −αj∂µJµm,j(x), (2.72)
where the currents for a complex field Ψα(x) are given by:
Jµ(x) = i
{
Ψ†α(x)
∂L
∂ (∂µΨ†α(x))
− ∂L
∂ (∂µΨα(x))
Ψα(x)
}
, (2.73)
and then, in our case
Jµm,j(x) = Ψ¯m(x) γ
µ τj Ψm(x), j = 1, 2, 3. (2.74)
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We thus have the following currents:
Jµm,1(x) =
1
2
[ν¯1(x) γ
µ ν2(x) + ν¯2(x) γ
µ ν1(x)] , (2.75)
Jµm,2(x) =
i
2
[ν¯1(x) γ
µ ν2(x)− ν¯2(x) γµ ν1(x)] , (2.76)
Jµm,3(x) =
1
2
[ν¯1(x) γ
µ ν1(x)− ν¯2(x) γµ ν2(x)] . (2.77)
The related charges, defined as
Qm,j(t) =
∫
J0m,j(x)d
3x, j = 1, 2, 3, (2.78)
satisfy the su(2) algebra:
[Qm,i(t), Qm,j(t)] = iεijkQm,k(t). (2.79)
We note that the Casimir operator is proportional to the total (conserved) charge:
Qm,0 =
1
2
Q. (2.80)
Also Qm,3 is conserved, due to the fact that the mass matrix Md is diagonal. This
implies the conservation of charge separately for ν1 and ν2, which is what we expect
for a system of two non-interacting fields. We can thus define the combinations:
Q1 =
1
2
Q+Qm,3, (2.81)
Q2 =
1
2
Q−Qm,3, (2.82)
Qi =
∑
k,r
(
αr†k,i(t)α
r
k,i(t)− βr†−k,i(t)βr−k,i(t)
)
, i = 1, 2. (2.83)
These are the Noether charges associated with the non interacting fields ν1 and
ν2. Explicitly, the transformations induced by the three above generators τ1, τ2, τ3
are
Ψ
′
m =
(
cos θ1 i sin θ1
i sin θ1 cos θ1
)
Ψm, (2.84)
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Ψ
′
m =
(
cos θ2 sin θ2
− sin θ2 cos θ2
)
Ψm, (2.85)
Ψ
′
m =
(
eiθ3 0
0 e−iθ3
)
Ψm. (2.86)
We observe that the transformation induced by Qm,2(t),
Ψf (x) = e
−2iθQm,2(t) Ψm(x) e2iθQm,2(t) (2.87)
is just the mixing transformation Eq.(2.1).
Let us consider the Lagrangian written in the flavor basis (the subscript f denotes
here flavor)
L(x) = Ψ¯f(x) (i 6∂ −M)Ψf(x) , (2.88)
where ΨTf = (νe, νµ), and M =
(
me meµ
meµ mµ
)
.
In analogy with was done above, consider now the variation of the Lagrangian
Eq.(2.88) under the SU(2) transformation:
Ψ
′
f(x) = e
iαj ·τjΨf(x) j = 1, 2, 3. (2.89)
We have
δL(x) = iαjΨ¯f(x) [τj ,M] Ψf (x) = −αj∂µJµf,j(x), (2.90)
Jµf,j(x) = Ψ¯f(x) γ
µ τj Ψf(x) (2.91)
and obtain the currents:
Jµf,1(x) =
1
2
[ν¯e(x) γ
µ νµ(x) + ν¯µ(x) γ
µ νe(x)] , (2.92)
Jµf,2(x) =
i
2
[ν¯e(x) γ
µ νµ(x)− ν¯µ(x) γµ νe(x)] , (2.93)
Jµf,3(x) =
1
2
[ν¯e(x) γ
µ νe(x) − ν¯µ(x)γµ νµ(x)] , (2.94)
and
Jµf,0(x) =
1
2
[ν¯e(x) γ
µ νe(x) + ν¯µ(x) γ
µ νµ(x)] . (2.95)
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Again, the charges
Qf,j(t) =
∫
J0f,j(x)d
3x j = 1, 2, 3, (2.96)
satisfy the su(2) algebra: [Qf,i(t), Qf,j(t)] = iεi,jkQf,k(t).
The Casimir Qf,0 is proportional to the total charge Qf,0 = Q0 =
1
2
Q.
However, now, because of the off-diagonal (mixing) terms in the mass matrix M,
Qf,3 is not conserved anymore. This implies an exchange of charge between νe and
νµ, resulting in the phenomenon of neutrino oscillations.
Let us indeed define the flavor charges as
Qe(t) ≡ 1
2
Q +Qf,3(t), (2.97)
Qµ(t) ≡ 1
2
Q−Qf,3(t), (2.98)
where
Qe(t) +Qµ(t) = Q, (2.99)
the oscillation formulas are obtained by taking expectation values of the above charges
on the neutrino state.
2.5 The exact formula for neutrino mixing
In terms of the flavor operators, the flavor charge operators are
Qσ(t) =
∑
k,r
(
αr†k,σ(t)α
r
k,σ(t)− βr†−k,σ(t)βr−k,σ(t)
)
, σ = e, µ. (2.100)
At time t = 0, the vacuum state is |0〉e,µ and the one electron neutrino state is
(for k = (0, 0, |k|)):
|νe〉 ≡ αr†k,e|0〉e,µ =
[
cos θ αr†k,1 + |Uk| sin θ αr†k,2 + ǫr |Vk| sin θ αr†k,2αr†k,1βr†−k,1
]
|0〉1,2 .
(2.101)
In this state a multiparticle component is present, disappearing in the relativistic
limit |k| ≫ √m1m2 : in this limit the (quantum-mechanical) Pontecorvo state is
recovered.
If we now assume that the neutrino state at time t is given by |νe(t)〉 = e−iHt|νe〉,
we see that it is not possible to compare directly this state with the one at time t = 0
given in Eq.(2.101).
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In fact, |νe(t)〉 is given by:
|νe(t)〉 = e−iHt αr†k,e |0〉e,µ = e−iω1t
[
cos θ αr†k,1 + e
−i(ω2−ω1)t |Uk| sin θ αr†k,2 +
+ ǫr e−i(ω2+ω1)t |Vk| sin θ αr†k,2αr†k,1βr†k,1
]
|0〉
1,2
(2.102)
and then (see the Appendix E)
lim
V→∞
〈νe(t)|νe(0)〉 = 0. (2.103)
The reason is that the flavor vacuum |0〉e,µ is not eigenstate of the free Hamiltonian
H and it “rotates” under the action of the time evolution generator: one indeed finds
limV→∞ e,µ〈0 | 0(t)〉e,µ = 0 (Appendix E). Thus at different times we have unitarily
inequivalent flavor vacua (in the limit V → ∞): this expresses the different particle
content of these (coherent) states and it is direct consequence of the fact that flavor
states are not mass eigenstates.
As already observed, this implies that we cannot directly compare flavor states at
different times. However we can consider the flavor charge operators, defined as in
Eq.(2.100). We then have (in the Heisenberg representation)
e,µ〈0|Qe(t)|0〉e,µ =e,µ 〈0|Qµ(t)|0〉e,µ = 0, (2.104)
Qek,e(t) = 〈νe|Qe(t)|νe〉 =
∣∣∣{αrk,e(t), αr†k,e(0)}∣∣∣2 + ∣∣∣{βr†−k,e(t), αr†k,e(0)}∣∣∣2 , (2.105)
Qek,µ(t) = 〈νe|Qµ(t)|νe〉 =
∣∣∣{αrk,µ(t), αr†k,e(0)}∣∣∣2 + ∣∣∣{βr†−k,µ(t), αr†k,e(0)}∣∣∣2 . (2.106)
Charge conservation is obviously ensured at any time:
Qek,e(t) +Qek,µ(t) = 1. (2.107)
The oscillation formula for the flavor charges are then [20]:
Qek,e(t) =
∣∣∣{αrk,e(t), αr†k,e(0)}∣∣∣2 + ∣∣∣{βr†−k,e(t), αr†k,e(0)}∣∣∣2 =
= 1− sin2(2θ)
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
+ |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)]
,
(2.108)
Qek,µ(t) =
∣∣∣{αrk,µ(t), αr†k,e(0)}∣∣∣2 + ∣∣∣{βr†−k,µ(t), αr†k,e(0)}∣∣∣2 =
= sin2(2θ)
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
+ |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)]
.
(2.109)
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This result is exact. There are two differences with respect to the usual formula for
neutrino oscillations: the amplitudes are energy dependent, and there is an additional
oscillating term.
For |k| ≫ √m1m2 we have |Uk|2 −→ 1 and |Vk|2 −→ 0 and the traditional formula
is recovered.
2.6 Discussion
We conclude the chapter with a number of considerations about the oscillation for-
mulas Eqs.(2.108), (2.109).
The Eqs.(2.108), (2.109) have a sense as statistical averages, i.e. as mean values.
This is because the structure of the theory for mixed field is that of a many-body
theory, where does not make sense to talk about single particle states.
This situation contrast with the quantum mechanical picture, which however is
recovered in the ultra-relativistic limit. There, the approximate Pontecorvo result is
recovered.
We now show [21] that the exact oscillation formulae are independent of the
arbitrary mass parameters, indeed we have∣∣∣{α˜rk,e(t), α˜r†k,e(0)}∣∣∣2 + ∣∣∣{β˜r†k,e(t), α˜r†k,e(0)}∣∣∣2 =
=
∣∣∣{αrk,e(t), αr†k,e(0)}∣∣∣2 + ∣∣∣{βr†−k,e(t), αr†k,e(0)}∣∣∣2 , (2.110)
∣∣∣{α˜rk,µ(t), α˜r†k,e(0)}∣∣∣2 + ∣∣∣{β˜r†−k,µ(t), α˜r†k,e(0)}∣∣∣2 =
=
∣∣∣{αrk,µ(t), αr†k,e(0)}∣∣∣2 + ∣∣∣{βr†−k,µ(t), αr†k,e(0)}∣∣∣2 , (2.111)
which ensure the cancellation of the arbitrary mass parameters.
However, the important point for the full understanding of the result Eqs.(2.110),
(2.111) is that the charge operators Qσ are invariant under the action of the Bogoli-
ubov generator Eq.(2.67), i.e. Q˜σ = Qσ, where Q˜σ ≡ α˜†σα˜σ− β˜†σβ˜σ. Besides the direct
computations leading to Eqs.(2.110), (2.111), such an invariance provides a strong
and immediate proof of the independence of the oscillation formula from the µσ pa-
rameters. Thus, the expectation values of the flavor charge operators are the only
physical relevant quantities in the context of the above theory, all other operators
having expectation values depending on the arbitrary parameters above introduced.
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Chapter 3
Quantum Field Theory of three
flavor neutrino mixing and
oscillations with CP violation
We analyze the Quantum Field Theory of mixing among three generations of Dirac
fermions (neutrinos). We construct the Hilbert space for the flavor fields and de-
termine the generators of the mixing transformations. By use of these generators,
we recover all the known parameterizations of the three-flavor mixing matrix and we
find a number of new ones. The algebra of the currents associated with the mixing
transformations is shown to be a deformed su(3) algebra, when CP violating phases
are present. We then derive the exact oscillation formulas, exhibiting new features
with respect to the usual ones. CP and T violation are also discussed.
3.1 Introduction
In this chapter we study in detail the case of three flavor fermion (neutrino) mixing.
This is not a simple extension of the previous results [20, 21, 25] since the existence
of a CP violating phase in the parameterization of the three-flavor mixing matrix
introduces novel features which are absent in the two-flavor case. We determine the
generators of the mixing transformations and by use of them, we recover the known
parameterizations of the three-flavor mixing matrix and find a number of new ones.
We construct the flavor Hilbert space, for which the ground state (flavor vacuum)
turns out to be a generalized coherent state. We also study the algebraic structure
of currents and charges associated with the mixing transformations and we find (as
will show in the next chapter) that, in presence of CP violation, it is that of a
deformed su(3). The construction of the flavor Hilbert space is an essential step
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in the derivation of exact oscillation formulas, which account for CP violation and
reduce to the corresponding quantum–mechanical ones in the relativistic limit.
The chapter is organized as follows. In Section 3.2 we construct the Hilbert space
for three-flavor mixed fermions. In Section 3.3 we study the various parameterization
of the unitary 3 × 3 mixing matrix obtained by use of the algebraic generators. In
Section 3.4, we study the currents and charges for three-flavor mixing, which are
then used in Section 3.5 to derive the exact neutrino oscillation formulas. Finally
in Section 3.6, CP an T violation in QFT neutrino oscillations are discussed. The
Section 3.7 is devoted to conclusions. In the Appendices F, G, H, I we put some useful
formulas and a discussion of the arbitrary mass parameterization in the expansion of
flavor fields as recently reported in [29, 30, 31].
3.2 Three flavor fermion mixing
We start by considering the following Lagrangian density describing three Dirac fields
with a mixed mass term:
L(x) = Ψ¯f(x) (i 6∂ −M)Ψf(x) , (3.1)
where ΨTf = (νe, νµ, ντ ) and M = M
† is the mixed mass matrix.
Among the various possible parameterizations of the mixing matrix for three fields,
we choose to work with the following one since it is the familiar parameterization of
the CKM matrix [4]:
Ψf (x) = U Ψm(x) =
 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
 Ψm(x),
(3.2)
with cij = cos θij and sij = sin θij , being θij the mixing angle between νi, νj and
ΨTm = (ν1, ν2, ν3).
Using Eq.(3.2), we diagonalize the quadratic form of Eq.(3.1), which then reduces
to the Lagrangian for three Dirac fields, with masses m1, m2 and m3:
L(x) = Ψ¯m(x) (i 6∂ −Md)Ψm(x) , (3.3)
where Md = diag(m1, m2, m3).
As in the case of two flavor fermion mixing [25], we construct the generator for
the mixing transformation (3.2) and define1
νασ (x) ≡ G−1θ (t) ναi (x)Gθ(t), (3.4)
1Let us consider for example the generation of the first row of the mixing matrix U . We have
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where (σ, i) = (e, 1), (µ, 2), (τ, 3), and
Gθ(t) = G23(t) G13(t) G12(t) , (3.5)
where
G12(t) ≡ exp
[
θ12L12(t)
]
; L12(t) =
∫
d3x
[
ν†1(x)ν2(x)− ν†2(x)ν1(x)
]
, (3.6)
G23(t) ≡ exp
[
θ23L23(t)
]
; L23(t) =
∫
d3x
[
ν†2(x)ν3(x)− ν†3(x)ν2(x)
]
, (3.7)
G13(t) ≡ exp
[
θ13L13(δ, t)
]
; L13(δ, t) =
∫
d3x
[
ν†1(x)ν3(x)e
−iδ − ν†3(x)ν1(x)eiδ
]
.
(3.8)
It is evident from the above form of the generators, that the phase δ is unavoidable
for three field mixing, while it can be incorporated in the definition of the fields in
the two flavor case.
The free fields νi (i=1,2,3) can be quantized in the usual way [22] (we use t ≡ x0):
νi(x) =
∑
r
∫
d3k
(2π)
3
2
[
urk,i(t)α
r
k,i + v
r
−k,i(t)β
r†
−k,i
]
eik·x, i = 1, 2, 3 , (3.9)
with urk,i(t) = e
−iωk,iturk,i, v
r
k,i(t) = e
iωk,itvrk,i and ωk,i =
√
k2 +m2i . The vacuum for
the mass eigenstates is denoted by |0〉m: αrk,i|0〉m = βrk,i|0〉m = 0. The anticommuta-
tion relations are the usual ones; the wave function orthonormality and completeness
relations are given in Eqs.(2.7).
An important result of previous chapter is the unitary inequivalence [25] (in the
infinite volume limit) of the vacua for the flavor fields and for the fields with definite
masses. There such an inequivalence was proved for the case of two generations; sub-
sequently, in Ref.[32], a rigorous general proof of such inequivalence for any number
(see also Appendix H) ∂νe/∂θ23 = 0; and
∂νe/∂θ13 = G
−1
12
G−1
13
[ν1, L13]G13G12 = G
−1
12
G−1
13
e−iδν3G13G12,
thus:
∂2νe/∂θ
2
13
= −νe ⇒ νe = f(θ12) cos θ13 + g(θ12) sin θ13;
with the initial conditions (from Eq.(3.4)): f(θ12) = νe|θ13=0 and g(θ12) = ∂νe/∂θ13|θ13=0 = e−iδν3.
We also have
∂2f(θ12)/∂θ
2
13
= −f(θ12) ⇒ f(θ12) = A cos θ12 +B sin θ12
with the initial conditions A = νe|θ=0 = ν1 and B = ∂f(θ12)/∂θ12|θ=0 = ν2, and θ = (θ12, θ13, θ23).
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of generations has been given (see also Ref.[33]). Thus we define the flavor vacuum
as:
|0(t)〉f ≡ G−1θ (t) |0〉m . (3.10)
The form of this state is considerably more complicated of the one for two gener-
ations. When δ = 0, the generator Gθ is an element of the SU(3) group (see Chapter
4) and the flavor vacuum is classified as an SU(3) generalized coherent state a` la
Perelomov [44]. A nonzero CP violating phase introduces an interesting modification
of the algebra associated with the mixing transformations Eq.(3.2): we discuss this
in Chapter 4.
By use of Gθ(t), the flavor fields can be expanded as:
νσ(x) =
∑
r
∫
d3k
(2π)
3
2
[
urk,i(t)α
r
k,σ(t) + v
r
−k,i(t)β
r†
−k,σ(t)
]
eik·x, (3.11)
with (σ, i) = (e, 1), (µ, 2), (τ, 3).
The flavor annihilation operators are defined as
αrk,σ(t) ≡ G−1θ (t) αrk,i Gθ(t) (3.12)
βr†−k,σ(t) ≡ G−1θ (t) βr†−k,i Gθ(t). (3.13)
They clearly act as annihilators for the flavor vacuum Eq.(3.10). For further reference,
it is useful to list explicitly the flavor annihilation/creation operators [30]. In the
reference frame k = (0, 0, |k|) the spins decouple and their form is particularly simple:
αrk,e(t) = c12c13 α
r
k,1 + s12c13
(
Uk∗12 (t) α
r
k,2 + ǫ
rV k12(t) β
r†
−k,2
)
+
+e−iδ s13
(
Uk∗13 (t) α
r
k,3 + ǫ
rV k13(t) β
r†
−k,3
)
, (3.14)
αrk,µ(t) =
(
c12c23 − eiδ s12s23s13
)
αrk,2 −
(
s12c23 + e
iδ c12s23s13
)×
×
(
Uk12(t) α
r
k,1 − ǫrV k12(t) βr†−k,1
)
+ s23c13
(
Uk∗23 (t) α
r
k,3 + ǫ
rV k23(t) β
r†
−k,3
)
,
(3.15)
αrk,τ(t) = c23c13 α
r
k,3 −
(
c12s23 + e
iδ s12c23s13
) (
Uk23(t) α
r
k,2 − ǫrV k23(t) βr†−k,2
)
+
+
(
s12s23 − eiδ c12c23s13
) (
Uk13(t) α
r
k,1 − ǫrV k13(t) βr†−k,1
)
, (3.16)
41
βr−k,e(t) = c12c13 β
r
−k,1 + s12c13
(
Uk∗12 (t) β
r
−k,2 − ǫrV k12(t) αr†k,2
)
+
+eiδ s13
(
Uk∗13 (t) β
r
−k,3 − ǫrV k13(t) αr†k,3
)
, (3.17)
βr−k,µ(t) =
(
c12c23 − e−iδ s12s23s13
)
βr−k,2 −
(
s12c23 + e
−iδ c12s23s13
)×
×
(
Uk12(t) β
r
−k,1 + ǫ
r V k12(t) α
r†
k,1
)
+ s23c13
(
Uk∗23 (t) β
r
−k,3 − ǫrV k23(t) αr†k,3
)
,
(3.18)
βr−k,τ(t) = c23c13 β
r
−k,3 −
(
c12s23 + e
−iδ s12c23s13
) (
Uk23(t) β
r
−k,2 + ǫ
rV k23(t) α
r†
k,2
)
+
(
s12s23 − e−iδ c12c23s13
) (
Uk13(t) β
r
−k,1 + ǫ
rV k13(t) α
r†
k,1
)
. (3.19)
These operators satisfy canonical (anti)commutation relations at equal times. The
main difference with respect to their “naive” quantum-mechanical counterparts is
in the anomalous terms proportional to the Vij factors. In fact, U
k
ij and V
k
ij are
Bogoliubov coefficients defined as:
V kij (t) = |V kij | ei(ωk,j+ωk,i)t , Ukij(t) = |Ukij | ei(ωk,j−ωk,i)t (3.20)
|Ukij | =
(
ωk,i +mi
2ωk,i
) 1
2
(
ωk,j +mj
2ωk,j
) 1
2
(
1 +
|k|2
(ωk,i +mi)(ωk,j +mj)
)
= cos(ξkij)
(3.21)
|V kij | =
(
ωk,i +mi
2ωk,i
) 1
2
(
ωk,j +mj
2ωk,j
) 1
2
( |k|
(ωk,j +mj)
− |k|
(ωk,i +mi)
)
= sin(ξkij)
(3.22)
|Ukij |2 + |V kij |2 = 1 (3.23)
where i, j = 1, 2, 3 and j > i. The following identities hold:
V k23(t)V
k∗
13 (t) + U
k∗
23 (t)U
k
13(t) = U
k
12(t), (3.24)
V k23(t)U
k∗
13 (t)− Uk∗23 (t)V k13(t) = −V k12(t), (3.25)
Uk12(t)U
k
23(t)− V k∗12 (t)V k23(t) = Uk13(t), (3.26)
Uk23(t)V
k
12(t) + U
k∗
12 (t)V
k
23(t) = V
k
13(t), (3.27)
V k∗12 (t)V
k
13(t) + U
k∗
12 (t)U
k
13(t) = U
k
23(t), (3.28)
V k12(t)U
k
13(t)− Uk12(t)V k13(t) = −V k23(t) , (3.29)
ξk13 = ξ
k
12 + ξ
k
23 , ξ
k
ij = arctan
(|V kij | / |Ukij|) . (3.30)
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We observe that, in contrast with the case of two flavor mixing, the condensation
densities are now different for particles of different masses [30]:
N k1 = f〈0(t)|Nk,rα1 |0(t)〉f = f〈0(t)|Nk,rβ1 |0(t)〉f = s212c213 |V k12|2 + s213 |V k13|2 ,
(3.31)
N k2 = f 〈0(t)|Nk,rα2 |0(t)〉f = f〈0(t)|Nk,rβ2 |0(t)〉f =
=
∣∣−s12c23 + eiδ c12s23s13∣∣2 |V k12|2 + s223c213 |V k23|2 , (3.32)
N k3 = f 〈0(t)|Nk,rα3 |0(t)〉f = f〈0(t)|Nk,rβ3 |0(t)〉f =
=
∣∣−c12s23 + eiδ s12c23s13∣∣2 |V k23|2 + ∣∣s12s23 + eiδ c12c23s13∣∣2 |V k13|2 . (3.33)
We plot in Figure 3.1 the condensation densities for sample values of parameters
as given in the table 3.12:
m1 m2 m3 θ12 θ13 θ23 δ
1 200 3000 π/4 π/4 π/4 π/4
Table 3.1: The values of masses and mixing angles used for plots
2Here and in the following plots, we use the same (energy) units for the values of masses and
momentum.
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Figure 3.1: Plot of the condensation densities N ki in function of |k| for the values of
parameters as in Tab.(1).
3.3 The parameterizations of the three flavor mix-
ing matrix
In Section 3.2 we have studied the generator of the mixing matrix U of Eq.(3.2).
However, this matrix is only one of the various forms in which a 3×3 unitary matrix
can be parameterized. Indeed, the generator Eq.(3.5) can be used for generating such
alternative parameterizations. To see this, let us first define in a more general way
the generators Gij including phases for all of them:
G12(t) ≡ exp
[
θ12L12(δ12, t)
]
; L12(δ12, t) =
∫
d3x
[
ν†1(x)ν2(x)e
−iδ12 − ν†2(x)ν1(x)eiδ12
]
,
(3.34)
G23(t) ≡ exp
[
θ23L23(δ23, t)
]
; L23(δ23, t) =
∫
d3x
[
ν†2(x)ν3(x)e
−iδ23 − ν†3(x)ν2(x)eiδ23
]
,
(3.35)
G13(t) ≡ exp
[
θ13L13(δ13, t)
]
; L13(δ13, t) =
∫
d3x
[
ν†1(x)ν3(x)e
−iδ13 − ν†3(x)ν1(x)eiδ13
]
.
(3.36)
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Six different matrices can be obtained by permuting the order of the Gij (useful
relations are listed in Appendices F and H) in Eq.(3.5). We obtain:
G1 ≡ G23G13G12 (3.37)
U1 =
 c12c13 s12c13e−iδ12 s13e−iδ13−s12c23eiδ12 − s23s13c12ei(δ13−δ23) c12c23 − s23s13s12e−i(δ23−δ13+δ12) s23c13e−iδ23
−s13c12c23eiδ13 + s12s23ei(δ12+δ23) −c23s13s12ei(δ13−δ12) − s23c12eiδ23 c23c13

G2 ≡ G23G12G13 (3.38)
U2 =
 c12c13 s12e−iδ12 s13c12e−iδ13−s12c13c23eiδ12 − s23s13ei(δ13−δ23) c12c23 −s13c23s12ei(δ12−δ13) + s23c13e−iδ23
−s13c23eiδ13 + s12s23c13ei(δ12+δ23) −c12s23eiδ23 c23c13 + s12s13s23ei(δ12+δ23−δ13)

G3 ≡ G13G23G12 (3.39)
U3 =
c12c13 + s13s23s12ei(δ12−δ13+δ23) s12c13e−iδ12 − s13s23c12ei(δ23−δ13) s13c23e−iδ13−s12c23eiδ12 c12c23 s23e−iδ23
c13s23s12e
i(δ23+δ12) − s13c12eiδ13 −c13s23c12eiδ23 − s12s13ei(δ13−δ12) c23c13

G4 ≡ G13G12G23 (3.40)
U4 =
 c12c13 s12c13c23e−iδ12 − s13s23ei(δ23−δ13) s12s23c13e−i(δ12+δ23) + s13c23e−iδ13−s12eiδ12 c12c23 s23c12e−iδ23
−c12s13eiδ13 −c13s23eiδ23 − s12c23s13ei(δ13−δ12) c23c13 − s12s23s13e−i(δ12+δ23−δ13)

G5 ≡ G12G13G23 (3.41)
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U5 =
 c12c13 s12c23e−iδ12 − s13c12s23e−i(δ13−δ23) s13c12c23e−iδ13 + s12s23e−i(δ12+δ23)−s12c13eiδ12 c12c23 + s12s23s13ei(δ12−δ13+δ23) s23c12e−iδ23 − s12c23s13ei(δ12−δ13)
−s13eiδ13 −c13s23eiδ23 c23c13

G6 ≡ G12G23G13 (3.42)
U6 =
 c12c13 − s12s23s13e−i(δ12+δ23−δ13) s12c23e−iδ12 c12s13e−iδ13 + s12s23c13e−i(δ12+δ23)−c12s23s13ei(δ13−δ23) − s12c13eiδ12 c12c23 c12s23c13e−iδ23 − s12s13ei(δ12−δ13)
−c23s13eiδ13 −s23eiδ23 c23c13

The above matrices are generated for a particular set of initial conditions, namely
for those of Eq.(3.4). The freedom in the choice of the initial conditions reflects into
the possibility of obtaining other unitary matrices from the above ones by permuting
rows and columns and by multiplying row or columns for a phase factor.
We thus can easily recover all the existing parameterizations of the CKM matrix
[4, 17, 36, 37, 38, 39, 40]:
- the Maiani parameterization [36, 38] is obtained from U1 by setting θ12 → θ, θ13 → β,
θ23 → γ, δ12 → 0, δ13 → 0, δ23 → −δ;
- the Chau–Keung parameterization [36, 39] is recovered from U1 by setting δ12 → 0
and δ23 → 0;
- the Kobayshi–Maskawa [4, 36] is recovered from U5 by setting θ12 → θ2, θ13 → θ1,
θ23 → θ3, δ12 → −δ, δ13 → 0 and δ23 → 0, θi → 32π− θi, with i = 1, 2, 3, and multiply
the last column for (−1);
- the Anselm parameterization [36, 40] is obtained from U1 by setting θ12 ↔ θ13, then
δ12 → 0, δ13 → 0, θ12 → π + θ12, θ13 → π − θ13, θ23 → 32π + θ23, exchanging second
and third column and multiplying the last row for (−1).
From the above analysis it is clear that a number of new parameterizations of the
mixing matrix can be generated and that a clear physical meaning can be attached
to each of them, by considering the order in which the generators Gij act and the
initial conditions used for getting that particular matrix.
3.4 Currents and charges for three flavor fermion
mixing
In this Section we study the currents associated to the Lagrangians Eqs.(3.1) and
(3.3). To this end, let us consider the transformations acting on the triplet of free
fields with different masses Ψm [19, 30].
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L is invariant under global U(1) phase transformations of the type Ψ′m = eiαΨm:
as a result, we have the conservation of the Noether charge Q =
∫
d3x I0(x) (with
Iµ(x) = Ψ¯m(x) γ
µΨm(x)) which is indeed the total charge of the system (i.e. the
total lepton number).
Consider then the SU(3) global transformations acting on Ψm:
Ψ′m(x) = e
iαjFj Ψm(x) , j = 1, 2, ..., 8. (3.43)
with αj real constants, Fj =
1
2
λj being the generators of SU(3) and λj the Gell-Mann
matrices [4].
The Lagrangian is not generally invariant under (3.43) and we obtain, by use of
the equations of motion,
δL(x) = iαj Ψ¯m(x) [Fj,Md] Ψm(x) = −αj ∂µJµm,j(x)
Jµm,j(x) = Ψ¯m(x) γ
µ Fj Ψm(x) , j = 1, 2, ..., 8. (3.44)
It is useful to list explicitly the eight currents:
Jµm,1(x) =
1
2
[ν¯1(x) γ
µ ν2(x) + ν¯2(x) γ
µ ν1(x)] (3.45)
Jµm,2(x) = −
i
2
[ν¯1(x) γ
µ ν2(x) − ν¯2(x) γµ ν1(x)] (3.46)
Jµm,3(x) =
1
2
[ν¯1(x) γ
µ ν1(x) − ν¯2(x) γµ ν2(x)] (3.47)
Jµm,4(x) =
1
2
[ν¯1(x) γ
µ ν3(x) + ν¯3(x) γ
µ ν1(x)] (3.48)
Jµm,5(x) = −
i
2
[ν¯1(x) γ
µ ν3(x) − ν¯3(x) γµ ν1(x)] (3.49)
Jµm,6(x) =
1
2
[ν¯2(x) γ
µ ν3(x) + ν¯3(x) γ
µ ν2(x) ] (3.50)
Jµm,7(x) = −
i
2
[ν¯2(x) γ
µ ν3(x) − ν¯3(x) γµ ν2(x)] (3.51)
Jµm,8(x) =
1
2
√
3
[ν¯1(x) γ
µ ν1(x) + ν¯2(x) γ
µ ν2(x) − 2ν¯3(x) γµ ν3(x)] .
(3.52)
The related charges Qm,j(t) ≡
∫
d3x J0m,j(x), satisfy the su(3) algebra
[Qm,j(t), Qm,k(t)] = i fjklQm,l(t). (3.53)
Note that only two of the above charges are time-independent, namely Qm,3 and
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Qm,8. We can thus define the combinations:
Q1 ≡ 1
3
Q + Qm,3 +
1√
3
Qm,8,
Q2 ≡ 1
3
Q − Qm,3 + 1√
3
Qm,8, (3.54)
Q3 ≡ 1
3
Q − 2√
3
Qm,8,
Qi =
∑
r
∫
d3k
(
αr†k,iα
r
k,i − βr†−k,iβr−k,i
)
, i = 1, 2, 3. (3.55)
These are nothing but the Noether charges associated with the non-interacting
fields ν1, ν2 and ν3: in the absence of mixing, they are the flavor charges, separately
conserved for each generation.
As already observed in Section 3.2, in the case when CP is conserved (δ = 0), the
mixing generator Eq.(3.5) is an element of the SU(3) group and can be expressed in
terms of the above charges as:
Gθ(t)|δ=0 = ei2θ23 Qm,7(t) ei2θ13 Qm,5(t) ei2θ12Qm,2(t) (3.56)
We can now perform the SU(3) transformations on the flavor triplet Ψf and
obtain another set of currents for the flavor fields:
Ψ′f(x) = e
iαjFj Ψf(x) , j = 1, 2, ..., 8, (3.57)
which leads to
δL(x) = iαj Ψ¯f(x) [Fj ,M] Ψf(x) = −αj ∂µJµf,j(x) ,
Jµf,j(x) = Ψ¯f (x) γ
µ Fj Ψf(x) , j = 1, 2, ..., 8. (3.58)
Alternatively, the same currents can be obtained by applying on the Jµm,j(x) the
mixing generator Eq.(3.5):
Jµf,j(x) = G
−1
θ (t) J
µ
m,j(x)Gθ(t) , j = 1, 2, ..., 8. (3.59)
The related charges Qf,j(t) ≡
∫
d3x J0f,j(x) still close the su(3) algebra. Due to the
off–diagonal (mixing) terms in the mass matrix M, Qf,3(t) and Qf,8(t) are time–
dependent. This implies an exchange of charge between νe, νµ and ντ , resulting in
the flavor oscillations.
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In accordance with Eqs.(3.54) we define the flavor charges for mixed fields as
Qe(t) ≡ 1
3
Q + Qf,3(t) +
1√
3
Qf,8(t),
Qµ(t) ≡ 1
3
Q − Qf,3(t) + 1√
3
Qf,8(t), (3.60)
Qτ (t) ≡ 1
3
Q − 2√
3
Qf,8(t).
with
Qe(t) + Qµ(t) + Qτ (t) = Q. (3.61)
These charges have a simple expression in terms of the flavor ladder operators:
Qσ(t) =
∑
r
∫
d3k
(
αr†k,σ(t)α
r
k,σ(t) − βr†−k,σ(t)βr−k,σ(t)
)
(3.62)
with σ = e, µ, τ , because of the connection with the Noether charges of Eq.(3.55) via
the mixing generator:
Qσ(t) = G
−1
θ (t) Qi Gθ(t). (3.63)
Notice also that the operator ∆Qσ(t) ≡ Qσ(t)−Qi with (σ, i) = (e, 1), (µ, 2), (τ, 3) ,
describes how much the mixing violates the (lepton) charge conservation for a given
generation.
3.5 Neutrino Oscillations
The oscillation formulas are obtained by taking expectation values of the above
charges on the (flavor) neutrino state. Consider for example an initial electron neu-
trino state defined as |νe〉 ≡ αr†k,e(0)|0〉f [20, 21, 26]. Working in the Heisenberg
picture, we obtain
Qρk,σ(t) ≡ 〈νρ|Qσ(t)|νρ〉 − f〈0|Qσ(t)|0〉f =
=
∣∣∣{αrk,σ(t), αr†k,ρ(0)}∣∣∣2 + ∣∣∣{βr†−k,σ(t), αr†k,ρ(0)}∣∣∣2 , (3.64)
Qρ¯k,σ(t) ≡ 〈ν¯ρ|Qσ(t)|ν¯ρ〉 − f〈0|Qσ(t)|0〉f =
= −
∣∣∣{βrk,σ(t), βr†k,ρ(0)}∣∣∣2 − ∣∣∣{αr†−k,σ(t), βr†k,ρ(0)}∣∣∣2 , (3.65)
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where |0〉f ≡ |0(0)〉f . Overall charge conservation is obviously ensured at any time:
Qρk,e(t) +Qρk,µ(t) +Qρk,τ (t) = 1, ρ = e, µ, τ. (3.66)
We remark that the expectation value of Qσ cannot be taken on vectors of the Fock
space built on |0〉m, [20, 21, 26]. Also we observe that f 〈0|Qσ(t)|0〉f 6= 0, in contrast
with the two flavor case [21, 30, 31]. We introduce the following notation:
∆kij ≡
ωk,j − ωk,i
2
, Ωkij ≡
ωk,i + ωk,j
2
Then the oscillation (in time) formulae for the flavor charges, on an initial electron
neutrino state, follow as [30]:
Qek,e(t) = 1 − sin2(2θ12) cos4 θ13
[
|Uk12|2 sin2
(
∆k12t
)
+ |V k12|2 sin2
(
Ωk12t
) ]
− sin2(2θ13) cos2 θ12
[
|Uk13|2 sin2
(
∆k13t
)
+ |V k13|2 sin2
(
Ωk13t
) ]
− sin2(2θ13) sin2 θ12
[
|Uk23|2 sin2
(
∆k23t
)
+ |V k23|2 sin2
(
Ωk23t
) ]
, (3.67)
Qek,µ(t) = 2JCP
[
|Uk12|2 sin(2∆k12t)− |V k12|2 sin(2Ωk12t) + (|Uk12|2 − |V k13|2) sin(2∆k23t)
+ (|V k12|2 − |V k13|2) sin(2Ωk23t)− |Uk13|2 sin(2∆k13t) + |V k13|2 sin(2Ωk13t)
]
+ cos2 θ13 sin θ13
[
cos δ sin(2θ12) sin(2θ23) + 4 cos
2 θ12 sin θ13 sin
2 θ23
]
×
×
[
|Uk13|2 sin2
(
∆k13t
)
+ |V k13|2 sin2
(
Ωk13t
) ]
− cos2 θ13 sin θ13
[
cos δ sin(2θ12) sin(2θ23)− 4 sin2 θ12 sin θ13 sin2 θ23
]
×
×
[
|Uk23|2 sin2
(
∆k23t
)
+ |V k23|2 sin2
(
Ωk23t
) ]
+ cos2 θ13 sin(2θ12)
[
(cos2 θ23 − sin2 θ23 sin2 θ13) sin(2θ12)
+ cos δ cos(2θ12) sin θ13 sin(2θ23)
][
|Uk12|2 sin2
(
∆k12t
)
+ |V k12|2 sin2
(
Ωk12t
) ]
,
(3.68)
50
Qek,τ (t) = −2JCP
[
|Uk12|2 sin(2∆k12t)− |V k12|2 sin(2Ωk12t) + (|Uk12|2 − |V k13|2) sin(2∆k23t)
+ (|V k12|2 − |V k13|2) sin(2Ωk23t) − |Uk13|2 sin(2∆k13t) + |V k13|2 sin(2Ωk13t)
]
− cos2 θ13 sin θ13
[
cos δ sin(2θ12) sin(2θ23)− 4 cos2 θ12 sin θ13 cos2 θ23
]
×
×
[
|Uk13|2 sin2
(
∆k13t
)
+ |V k13|2 sin2
(
Ωk13t
) ]
+ cos2 θ13 sin θ13
[
cos δ sin(2θ12) sin(2θ23) + 4 sin
2 θ12 sin θ13 cos
2 θ23
]
×
×
[
|Uk23|2 sin2
(
∆k23t
)
+ |V k23|2 sin2
(
Ωk23t
) ]
+ cos2 θ13 sin(2θ12)
[
(sin2 θ23 − sin2 θ13 cos2 θ23) sin(2θ12)
− cos δ cos(2θ12) sin θ13 sin(2θ23)
][
|Uk12|2 sin2
(
∆k12t
)
+ |V k12|2 sin2
(
Ωk12t
) ]
,
(3.69)
where we used the relations Eqs.(3.24)-(3.30). We also introduced the Jarlskog factor
J
CP
defined as [45]
J
CP
≡ Im(uiαujβu∗iβu∗jα), (3.70)
where the uij are the elements of mixing matrix U and i 6= j, α 6= β. In the
parameterization Eq.(3.2), J
CP
is given by
J
CP
=
1
8
sin δ sin(2θ12) sin(2θ13) cos θ13 sin(2θ23). (3.71)
Evidently, J
CP
vanishes if θij = 0, π/2 and/or δ = 0, π: all CP–violating effects are
proportional to it.
The above oscillation formulas are exact. The differences with respect to the
usual formulas for neutrino oscillations are in the energy dependence of the ampli-
tudes and in the additional oscillating terms. For |k| ≫ √m1m2, we have |Ukij|2 → 1
and |V kij |2 → 0 and the traditional (Pontecorvo) oscillation formulas are approxi-
mately recovered. Indeed, for sufficiently small time arguments, a correction to the
Pontecorvo formula is present even in the relativistic limit.
In Appendix G the oscillation formulas for the flavor charges on an initial electron
anti-neutrino state are given.
We plot in Figures 3.2 and 3.4 the QFT oscillation formulas Qek,e(t) and Qek,µ(t) as
a function of time, and in Figures 3.3 and 3.5 the corresponding Pontecorvo oscillation
formulas P ke→e(t) and P
k
e→µ(t). The time scale is in T12 units, where T12 = π/∆
k
12 is,
for the values of parameters of Tab.(1), the largest oscillation period.
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Qe
k,e(t)
t/T12
Figure 3.2: Plot of QFT oscillation formula: Qek,e(t) in function of time for k = 55
and parameters as in Tab.(1).
0.5 1
0.5
1
P ke→e(t)
t/T12
Figure 3.3: Plot of QM oscillation formula: P ke→e(t) in function of time for k = 55
and parameters as in Tab.(1).
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Figure 3.4: Plot of QFT oscillation formula: Qek,µ(t) in function of time for k = 55
and parameters as in Tab(1).
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0.5
1
P ke→µ(t)
t/T12
Figure 3.5: Plot of QM oscillation formula: P ke→µ(t) in function of time for k = 55
and parameters as in Tab.(1).
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3.6 CP and T violations in neutrino oscillations
In this Section we consider the oscillation induced CP and T violation in the context
of the present QFT framework. Let us first briefly recall the situation in QM3: there,
the CP asymmetry between the probabilities of two conjugate neutrino transitions,
due to CPT invariance and unitarity of the mixing matrix, is given as [37]
∆ˆρσ
CP
(t) ≡ Pνσ→νρ(t)− Pνσ→νρ(t), (3.72)
where σ, ρ = e, µ, τ. The T violating asymmetry can be obtained in similar way as
[37]
∆ˆρσ
T
(t) ≡ Pνσ→νρ(t)− Pνρ→νσ(t) = Pνσ→νρ(t)− Pνσ→νρ(−t) . (3.73)
The relationship ∆ˆρσ
CP
(t) = ∆ˆρσ
T
(t) is a consequence of CPT invariance.
The corresponding quantities in QFT have to be defined in the framework of the
previous Section, i.e. as expectation values of the flavor charges on states belonging
to the flavor Hilbert space. We thus have for the CP violation:
∆ρσ
CP
(t) ≡ Qρk,σ(t) + Qρ¯k,σ(t)
=
∣∣∣{αrk,σ(t), αr†k,ρ(0)}∣∣∣2 + ∣∣∣{βr†−k,σ(t), αr†k,ρ(0)}∣∣∣2 −
−
∣∣∣{αr†−k,σ(t), βr†k,ρ(0)}∣∣∣2 − ∣∣∣{βrk,σ(t), βr†k,ρ(0)}∣∣∣2 . (3.74)
We have ∑
σ
∆ρσ
CP
= 0 , ρ, σ = e, µ, τ, (3.75)
which follows from the fact that∑
σ
Qσ(t) = Q, 〈νρ|Q|νρ〉 = 1 and 〈ν¯ρ|Q|ν¯ρ〉 = −1. (3.76)
We can calculate the CP asymmetry Eq.(3.74) for a specific case, namely for the
transition νe −→ νµ. We obtain
∆eµ
CP
(t) = 4J
CP
[
|Uk12|2 sin(2∆k12t)− |V k12|2 sin(2Ωk12t) + (|Uk12|2 − |V k13|2) sin(2∆k23t)
+(|V k12|2 − |V k13|2) sin(2Ωk23t)− |Uk13|2 sin(2∆k13t) + |V k13|2 sin(2Ωk13t)
]
,
(3.77)
3We use here the ”hat” for QM quantities. For notational simplicity, we also suppress momentum
indices where unnecessary.
54
0.5 1
-1
-0.5
0.5
1
∆eµ
CP
(t)
t/T12
Figure 3.6: Plot of the QFT CP asymmetry ∆eµ
CP
(t), in function of time for k = 55
and parameters as in Tab.(1).
and ∆eτ
CP
(t) = −∆eµ
CP
(t). As already observed for oscillation formulas, high-frequency
oscillating terms and Bogoliubov coefficients in the oscillation amplitudes appear in
Eq.(3.77) as a QFT correction to the QM formula.
The definition of the QFT analogue of the T-violating quantity Eq.(3.73) is more
delicate. Indeed, defining ∆
T
as ∆eµ
T
≡ Qeµ(t) − Qµe (t) does not seem to work, since
we obtain ∆eµ
T
− ∆eµ
CP
6= 0 in contrast with CPT conservation.
A more consistent definition of the time-reversal violation in QFT is then:
∆ρσ
T
(t) ≡ Qρk,σ(t) − Qρk,σ(−t) , ρ, σ = e, µ, τ . (3.78)
With such definition, the equality ∆ρσ
T
(t) = ∆ρσ
CP
(t) follows fromQρk,σ(−t) = −Qρ¯k,σ(t).
We plot in Fig. 3.6 the CP asymmetry Eq.(3.77) for sample values of the param-
eters as in Tab.(1). In Fig. 3.7 the corresponding standard QM quantity is plotted
for the same values of parameters.
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Figure 3.7: Plot of the QM CP asymmetry ∆ˆeµ
CP
(t), in function of time for k = 55
and parameters as in Tab.(1).
3.7 Conclusions
In this chapter, we have discussed the mixing of (Dirac) fermionic fields in Quantum
Field Theory for the case of three flavors with CP violation. We constructed the flavor
Hilbert space and studied the currents and charges for mixed fields (neutrinos). We
will show in the next chapter that the algebraic structure associated with the mixing
for the case of three generation turned out to be that of a deformed su(3) algebra,
when a CP violating phase is present.
We have derived all the known parameterization of the three-flavor mixing matrix
and a number of new ones. We have shown that these parameterizations actually
reflect the group theoretical structure of the generator of the mixing transformations.
By use of the flavor Hilbert space, we have calculated the exact QFT oscillation
formulas, a generalization of the usual QM Pontecorvo formulas. The comparison
between the exact oscillation formulas and the usual ones has been explicitly exhibited
for sample values of the neutrino masses and mixings. CP and T violation induced
by neutrino oscillations have also been discussed.
As already remarked in the Introduction, the corrections introduced by the present
formalism to the usual Pontecorvo formulas are in principle experimentally testable.
The fact that these corrections may be quantitatively below the experimental accu-
racy reachable at the present state of the art in the detection of the neutrino oscil-
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lations, does not justify neglecting them in the analysis of the particle mixing and
oscillation mechanism. The exact oscillation formulas here derived are the result of a
mathematically consistent analysis which cannot be ignored in a correct treatment of
the field mixing phenomenon. As we have seen above, the QFT formalism accounts
for all the known parameterizations of the mixing matrix and explains their origin
and their reciprocal relations, thus unifying the phenomenological proposals scattered
in the literature where such parameterizations have been presented. Moreover, the
QFT formalism clearly points to the truly non-perturbative character of the particle
mixing phenomenon. A lot of Physics must be there waiting to be discovered.
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Chapter 4
Group theoretical aspects of
neutrino mixing in Quantum Field
Theory
We analyze some aspects of three flavor neutrino mixing. Particular emphasis is
given to the related algebraic structures and their deformation in the presence of CP
violation. A novel geometric phase related to CP violation is introduced.
4.1 Introduction
In this chapter we discuss the group structure involved in the mixing and the related
representations, both for two- and three-flavor mixing. The deformation of the asso-
ciated algebra as well as the geometric phase due to CP violation are also discussed
[30, 35]. In Section 4.2 we study the deformation of SU(3) algebra induced by CP
violation; in Section 4.3 we analyze the group representations, considering the case
of two and three generations. The Section 4.4 is devoted to conclusions.
4.2 SU(3) deformed algebra
We investigate the algebraic structures associated with the mixing generator of three
Dirac neutrinos fields Eq.(3.5). To this end, we consider the Lagrangian density
describing three Dirac neutrinos fields:
L(x) = Ψ¯m(x) (i 6∂ −Md)Ψm(x) = Ψ¯f (x) (i 6∂ −M)Ψf (x) , (4.1)
where Md = diag(m1, m2, m3) and the matrix M is non-diagonal.
The above Lagrangian is invariant under global U(1) phase transformations, lead-
ing to a conserved (total) charge Q =
∫
d3xΨ†m(x) Ψm(x) =
∫
d3xΨ†f(x) Ψf(x).
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We then study the invariance of L under global phase transformations of the kind:
Ψ′m(x) = e
iαj F˜j Ψm(x) , j = 1, 2, ..., 8. (4.2)
where
F˜j =
1
2
λ˜j , j = 1, .., 8 (4.3)
and the λ˜j are a generalization of the usual Gell-Mann matrices λj:
λ˜1 =
 0 eiδ2 0e−iδ2 0 0
0 0 0
 , λ˜2 =
 0 −ieiδ2 0ie−iδ2 0 0
0 0 0

λ˜3 =
1 0 00 −1 0
0 0 0
 , λ˜4 =
 0 0 e−iδ50 0 0
eiδ5 0 0

λ˜5 =
 0 0 −ie−iδ50 0 0
ieiδ5 0 0
 , λ˜6 =
0 0 00 0 eiδ7
0 e−iδ7 0

λ˜7 =
0 0 00 0 −ieiδ7
0 ie−iδ7 0
 , λ˜8 = 1√
3
1 0 00 1 0
0 0 −2
 . (4.4)
These are normalized as the Gell-Mann matrices: tr(λjλk) = 2δjk . One then obtains
the following set of charges [35]:
Q˜m,j(t) =
∫
d3xΨ†m(x) F˜j Ψm(x) , j = 1, 2, ..., 8. (4.5)
Thus the CKM matrix Eq.(3.2) is generated by Q˜m,2(t), Q˜m,5(t) and Q˜m,7(t), with
{δ2, δ5, δ7} → {0, δ, 0}. An interesting point is that the algebra generated by the ma-
trices Eqs.(4.4) is not su(3) unless the condition ∆ ≡ δ2+δ5+δ7 = 0 is imposed: such
a condition is however incompatible with the presence of a CP violating phase. In the
parameterizations of the mixing matrices of Section 3.2 and Section 3.3 (cf. e.g. the
discussion after Eq.(3.42)); we have the correspondence {δ2, δ5, δ7} ↔ {δ12, δ13, δ23}.
The F˜j satisfy a deformed su(3) algebra with deformed commutation relations
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given by [30, 35]:
[F˜2, F˜5] =
i
2
F˜7 e
−i∆(F˜3−
√
3F˜8) , [F˜1, F˜4] =
i
2
F˜7 e
−i∆(F˜3−
√
3F˜8) ,
[F˜1, F˜5] = − i
2
F˜6 e
−i∆(F˜3−
√
3F˜8) , [F˜2, F˜4] =
i
2
F˜6 e
−i∆(F˜3−
√
3F˜8) ,
[F˜2, F˜7] = − i
2
F˜5 e
−i∆(F˜3+
√
3F˜8) , [F˜1, F˜7] = − i
2
F˜4 e
−i∆(F˜3+
√
3F˜8) ,
[F˜1, F˜6] =
i
2
F˜5 e
−i∆(F˜3+
√
3F˜8) , [F˜2, F˜6] = − i
2
F˜4 e
−i∆(F˜3+
√
3F˜8) ,
[F˜5, F˜7] =
i
2
F˜2 e
2i∆ F˜3 , [F˜4, F˜7] =
i
2
F˜1 e
2i∆ F˜3 ,
[F˜5, F˜6] = − i
2
F˜1 e
2i∆ F˜3 , [F˜4, F˜6] =
i
2
F˜2 e
2i∆ F˜3 , (4.6)
where ∆ ≡ δ2+ δ5+ δ7. The other commutators are the usual su(3) ones. For ∆ = 0,
the su(3) algebra is recovered.
When CP violation is allowed, then ∆ 6= 0 and the su(3) algebra is deformed. Let
us introduce the raising and lowering operators, defined as [4]:
T˜± ≡ F˜1 ± iF˜2 , U˜± ≡ F˜6 ± iF˜7 , V˜± ≡ F˜4 ± iF˜5 (4.7)
We also define:
Y˜ =
2√
3
F˜8 , T˜3 ≡ F˜3 , U˜3 ≡ 1
2
(√
3F˜8 − F˜3
)
, V˜3 ≡ 1
2
(√
3F˜8 + F˜3
)
(4.8)
The commutation relations are
[T˜3, T˜±] = ±T˜± , [T˜3, U˜±] = ∓1
2
U˜± , [T˜3, V˜±] = ±1
2
V˜± , [T˜3, Y˜ ] = 0,
(4.9)
[Y˜ , T˜±] = 0 , [Y˜ , U˜±] = ±U˜± , [Y˜ , V˜±] = ±V˜± , (4.10)
[T˜+, T˜−] = 2T˜3 , [U˜+, U˜−] = 2U˜3 , [V˜+, V˜−] = 2V˜3 , (4.11)
[T˜+, V˜+] = [T˜+, U˜−] = [U˜+, V˜+] = 0, (4.12)
that are similar to the standard SU(3) commutation relations. However, the following
commutators are deformed:
[T˜+, V˜−] = −U˜− e2i∆U˜3 , [T˜+, U˜+] = V˜+ e−2i∆V˜3 , [U˜+, V˜−] = T˜− e2i∆T˜3 .
(4.13)
In a similar way with the above derivation, we can study the invariance properties
of the Lagrangian Eq.(4.1) under the transformations:
Ψ′f(x) = e
iαj F˜j Ψf(x) , j = 1, 2, ..., 8. (4.14)
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Then the following charges are obtained
Q˜f,j(t) =
∫
d3xΨ†f(x) F˜j Ψf (x) , j = 1, 2, ..., 8. (4.15)
4.3 Group representations and the oscillation for-
mula
We now study the group representations. Let us first consider the simple case of two
generations and then discuss the three flavor case.
4.3.1 Two flavors
In this case, the group is SU(2) and the charges in the mass basis read:
Qm,j(t) =
1
2
∫
d3xΨ†m(x) τj Ψm(x), j = 1, 2, 3, (4.16)
where ΨTm = (ν1, ν2) and τj = σj/2 with σj being the Pauli matrices.
The states with definite masses can then be defined as eigenstates of Qm,3:
Qm,3|ν1〉 = 1
2
|ν1〉 ; Qm,3|ν2〉 = −1
2
|ν2〉 (4.17)
and similar ones for antiparticles, where
Qm,3 =
1
2
∫
d3x
[
ν†1(x)ν1(x)− ν†2(x)ν2(x)
]
. (4.18)
Qm,3
|ν1〉|ν2〉
1
2
−1
2
✲❛❜❛❜
Figure 4.1: Plot of the mass doublet SU(2).
We have |νi〉 = αr†k,i|0〉m, i = 1, 2.
The Eq.(4.17) expresses the obvious fact that the mass eigenstates, treated as free
particle states, are eigenstates of the conserved U(1) charges associated to ν1 and ν2:
Q1 ≡ 1
2
Q + Qm,3 ; Q2 ≡ 1
2
Q − Qm,3. (4.19)
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The next step is to define flavor states using a similar procedure. We need to be
careful here since the diagonal SU(2) generator Qf,3 is time-dependent in the flavor
basis. Thus we define states (Hilbert space) at a reference time t = 0 from:
Qf,3(0)|νe〉 = 1
2
|νe〉 ; Qf,3(0)|νµ〉 = −1
2
|νµ〉. (4.20)
with |νσ〉 = αr†k,σ(0)|0(0)〉f , σ = e, µ and similar ones for antiparticles.
Qf,3(0)
|νe〉|νµ〉
1
2
−1
2
✲❛❜❛❜
Figure 4.2: Plot of the flavor doublet SU(2).
The flavor states so defined are eigenstates of the flavor charges at time t = 0:
Qe(t) =
1
2
Q+Qf,3(t) ; Qµ(t) =
1
2
Q−Qf,3(t), (4.21)
Qe(0)|νe〉 = |νe〉 ; Qµ(0)|νµ〉 = |νµ〉. (4.22)
and Qe(0)|νµ〉 = Qµ(0)|νe〉 = 0, with Qe(t) given by
Qe(t) =
∫
d3x
[
ν†e(x)νe(x)
]
=
∫
d3x
[
ν†1(x)ν1(x) cos
2 θ +
+ ν†2(x)ν2(x) sin
2 θ +
(
ν†1(x)ν2(x) + ν
†
2(x)ν1(x)
)
sin θ cos θ
]
(4.23)
and similar equation for Qµ(t).
This result is far from being trivial since the usual Pontecorvo states [1]:
|νe〉P = cos θ |ν1〉 + sin θ |ν2〉 (4.24)
|νµ〉P = − sin θ |ν1〉 + cos θ |ν2〉 , (4.25)
are not eigenstates of the flavor charges, indeed, for example, we have
Qe(0)|νe〉P = cos3 θ|ν1〉+ sin3 θ|ν2〉+ sin θ cos θ [U∗k|ν1〉 sin θ + Uk|ν2〉 cos θ−
−
∑
r
∫
d3k
(
cos θur†k,1v
r
−q,2β
r†
−k,2α
r†
k,1α
s†
q,1|0〉1,2 + sin θur†k,1vr−q,2βr†−k,2αr†k,1αs†q,2|0〉1,2
)
−
−
∑
r
∫
d3k
(
cos θur†k,2v
s
−q,1β
r†
−k,1α
r†
k,2α
s†
q,1|0〉1,2 + sin θur†k,2vs−q,1βs†−k,1αr†k,2αs†q,2|0〉1,2
)
.
(4.26)
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At a time t 6= 0, oscillation formulae can be derived for the flavor charges from
the following relation
〈νe|Qf,3(t)|νe〉 = 1
2
− |Uk12|2 sin2(2θ) sin2
(
ωk,2 − ωk,1
2
t
)
−
− |V k12|2 sin2(2θ) sin2
(
ωk,2 + ωk,1
2
t
)
(4.27)
where the non-standard oscillation term do appear and Qf,3(t) is
Qf,3(t) =
1
2
[Qe(t)−Qµ(t)]. (4.28)
4.3.2 Three flavors
Having discussed above the procedure for the definition of flavor states in the case of
two flavors, we can directly write the flavor charges for three flavor mixed fields as
Qe(t) ≡ 1
3
Q + Qf,3(t) +
1√
3
Qf,8(t),
Qµ(t) ≡ 1
3
Q − Qf,3(t) + 1√
3
Qf,8(t), (4.29)
Qτ (t) ≡ 1
3
Q − 2√
3
Qf,8(t).
Qσ(0)|νσ〉 = |νσ〉 , Qσ(0)|ν¯σ〉 = −|ν¯σ〉 , σ = e, µ, τ, (4.30)
leading to
|νσ〉 ≡ αr†k,σ(0)|0(0)〉f , |ν¯σ〉 ≡ βr†k,σ(0)|0(0)〉f , σ = e, µ, τ. (4.31)
These neutrino and antineutrino states can be related to the fundamental repre-
sentation 3 and 3∗ of the (deformed) SU(3) mixing group above introduced, as shown
in Fig.4.3 for neutrinos.
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Figure 4.3: Plot of the flavor triplet SU(3).
To have the Fig.4.3, we have compared the generalized Gell-Mann–Nishijima re-
lation that defines the charge operator as a function of SU(3) generators:
q =
1
3
Q + (T3 +
Y
2
), (4.32)
to the Eqs.(4.29).
Note that the position of the points in the Y˜ − T˜3 is the same as for the ordinary
SU(3), since the diagonal matrices λ˜3, λ˜8 do not contain phases. However, a closed
loop around the triangle gives a non-zero phase which is of geometrical origin [46]
and only depends on the CP phase. A similar situation is valid for antineutrinos.
To see this more in detail, let us consider the octet representation as in Fig.4.4
and define the normalized state |A〉: 〈A|A〉 = 1. Then all the other states are also
normalized, except for |G〉: |G〉 = 1√
2
T˜−|A〉.
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Figure 4.4: Plot of the SU(3) octet.
We obtain the following paths
(AGBA) : V˜+U˜−T˜−|A〉 = V˜+([U˜−, T˜−] + T˜−U˜−)|A〉 = V˜+V˜−e2i∆V˜3 |A〉 = ei∆|A〉
(ABGA) : T˜+U˜+V˜−|A〉 = e−i∆|A〉
(AFGA) : T˜+V˜−U˜+|A〉 = −e−i∆|A〉
(AGFA) : U˜−V˜+T˜−|A〉 = −ei∆|A〉
(AFGBA) : V˜+U˜−V˜−U˜+|A〉 = |A〉
(AFEDCBA) : V˜+T˜+U˜−V˜−T˜−U˜+|A〉 = |A〉 (4.33)
where we have used
U˜−|A〉 = T˜+|A〉 = V˜+|A〉 = 0, T˜3|A〉 = |A〉 , V˜3|A〉 = 1
2
|A〉 , U˜3|A〉 = −1
2
|A〉
(4.34)
and the commutation relations.
We thus see that the phase sign change if we change the versus of the path on
the triangles; the paths on two opposite triangles and around the hexagon bring no
phase.
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4.4 Conclusions
In this chapter, we have discussed some aspects of the quantization of mixed fermions
(neutrinos) in the context of Quantum Field Theory.
In particular, we have analyzed the algebraic structures arising in connection with
field mixing and their deformation due to the presence of CP violating phase, in the
case of neutrino mixing among three generations.
We have defined flavor states in terms of the representations of the group as-
sociated with field mixing. A new geometric phase arising from CP violation was
discovered.
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Chapter 5
Mixing and oscillations of
Majorana fermions
We study the mixing of Majorana fermions in Quantum Field Theory: Majorana field
are treated in the case of mixing among two generations. We show how to consistently
calculate oscillation formulas, which agree with previous results for Dirac fields.
5.1 Introduction
In the derivation of the oscillation formulas by use of the flavor Hilbert space a central
role is played by the flavor charges [19] and indeed it was found that these operators
satisfy very specifical physical requirements [21, 28]. However, these charges vanish
identically in the case of neutral fields. In this chapter we will provide a consistent
treatment of Majorana fermions. In order to keep the discussion transparent, we
limit ourselves to the case of two generations.
Apart from the explicit quantization of the neutral mixed fields, the main point
of this chapter is the study of the momentum operator (and more in general of
the energy-momentum tensor) for those fields [41]. We show how to define it in a
consistent way and by its use we then derive the oscillation formulas, which match the
ones already obtained for Dirac fields. We also comment on its relevance for the study
of Dirac mixed fields, where, when CP violation is present, the charge interpretation
requires a further effort [29, 30, 31].
In Section 5.2 we treat Majorana fields. In Section 5.3 we discuss some general
consequences of the results presented in this chapter and draw conclusions.
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5.2 Majorana fermions
We consider the case of mixing of two Majorana fermion fields. The charge-conjugation
operator C is defined as satisfying the relations
C−1γµ C = −γTµ , C† = C−1 , CT = −C . (5.1)
from which we define the charge conjugate ψc of ψ as
ψc(x) ≡ γ0 C ψ∗(x) . (5.2)
Now we define a Majorana fermion as the field that satisfies the Dirac equation
(i 6∂ −m)ψ = 0 (5.3)
and the self-conjugation relation
ψ = ψc . (5.4)
Thus the two equations (5.3) and (5.4) ensure that the Majorana field is a neutral
fermion field.
We now proceed by introducing the following Lagrangian:
L(x) = ψ¯f (x)(i 6∂ −M)ψf (x) = ψ¯m(x)(i 6∂ −Md)ψm(x) , (5.5)
with ψTf = (νe, νµ) being the flavor fields and M =
(
me meµ
meµ mµ
)
. The flavor fields
are connected to the free fields ψTm = (ν1, ν2) withMd = diag(m1, m2) by the rotation:
νe(x) = ν1(x) cos θ + ν2(x) sin θ , (5.6)
νµ(x) = −ν1(x) sin θ + ν2(x) cos θ . (5.7)
The quantization of the free fields is given by [11]
νi(x) =
∑
r=1,2
∫
d3k
(2π)
3
2
eik·x
[
urk,i(t)α
r
k,i + v
r
−k,i(t)α
r†
−k,i
]
, i = 1, 2. (5.8)
where urk,i(t) = e
−iωk,iturk,i, v
r
k,i(t) = e
iωk,itvrk,i, with ωk,i =
√
k2 +m2i . In order for
the Majorana condition (5.4) to be satisfied, the four spinors must also satisfy the
following condition:
vsk,i = γ0 C(u
s
k,i)
∗ ; usk,i = γ0 C(v
s
k,i)
∗ . (5.9)
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The equal time anticommutation relations are:
{ναi (x), νβ†j (y)}t=t′ = δ3(x− y)δαβδij , {ναi (x), νβj (y)}t=t′ = δ3(x− y)(γ0C)αβδij ,
(5.10)
with α, β = 1, .., 4 and
{αrk,i, αs†q,j} = δ3(k− q)δrsδij , i, j = 1, 2 . (5.11)
All other anticommutators are zero. The orthonormality and completeness relations
are:
ur†k,iu
s
k,i = v
r†
k,iv
s
k,i = δrs , u
r†
k,iv
s
−k,i = v
r†
−k,iu
s
k,i = 0 ,
∑
r=1,2
(urk,iu
r†
k,i + v
r
−k,iv
r†
−k,i) = I .
(5.12)
We can recast Eqs.(5.6),(5.7) into the form:
ναe (x) = G
−1
θ (t) ν
α
1 (x) Gθ(t) , (5.13)
ναµ (x) = G
−1
θ (t) ν
α
2 (x) Gθ(t) , (5.14)
where Gθ(t) is given by
Gθ(t) = exp
[
θ
2
∫
d3x
(
ν†1(x)ν2(x)− ν†2(x)ν1(x)
)]
. (5.15)
We have Gθ(t) =
∏
kG
k
θ (t). Moreover for a given k, in the reference frame where
k = (0, 0, |k|), the spins decouple [25] and one has Gkθ (t) =
∏
rG
k,r
θ (t) with
Gk,rθ (t) = exp
{
θ
[
U∗k(t) α
r†
k,1α
r
k,2 − Uk(t) αr†−k,2αr−k,1 −
−ǫrV ∗k (t)αr−k,1αrk,2 + ǫrVk(t)αr†k,1αr†−k,2
]}
, (5.16)
where Uk(t) and Vk(t) are Bogoliubov coefficients given by
Uk(t) ≡ |Uk| ei(ωk,2−ωk,1)t , Vk(t) ≡ |Vk| ei(ωk,2+ωk,1)t , (5.17)
|Uk| ≡
(
ωk,1 +m1
2ωk,1
) 1
2
(
ωk,2 +m2
2ωk,2
) 1
2
(
1 +
|k|2
(ωk,1 +m1)(ωk,2 +m2)
)
,(5.18)
|Vk| ≡
(
ωk,1 +m1
2ωk,1
) 1
2
(
ωk,2 +m2
2ωk,2
) 1
2
( |k|
(ωk,2 +m2)
− |k|
(ωk,1 +m1)
)
, (5.19)
|Uk|2 + |Vk|2 = 1 . (5.20)
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The flavor fields can be thus expanded as:
νσ(x) =
∑
r=1,2
∫
d3k
(2π)
3
2
eik·x
[
urk,j(t)α
r
k,σ(t) + v
r
−k,j(t)α
r†
−k,σ(t)
]
, (5.21)
with σ, j = (e, 1), (µ, 2) and the flavor annihilation operators given by (for k =
(0, 0, |k|)):
αrk,e(t) ≡ G−1θ (t) αrk,1 Gθ(t) = cos θ αrk,1 + sin θ
(
U∗k(t)α
r
k,2 + ǫ
rVk(t)α
r†
−k,2
)
,
αrk,µ(t) ≡ G−1θ (t) αrk,2 Gθ(t) = cos θ αrk,2 − sin θ
(
Uk(t)α
r
k,1 − ǫrVk(t)αr†−k,1
)
.
(5.22)
We now consider the action of the generator of the mixing transformations on the
vacuum |0〉1,2. The flavor vacuum is defined as:
|0(θ, t)〉e,µ ≡ G−1θ (t)|0〉1,2 . (5.23)
We define the state for a mixed particle with definite flavor, spin and momentum
as:
|αrk,e(t)〉 ≡ αr†k,e(t)|0(t)〉e,µ = G−1θ (t)αr†k,1|0〉1,2 . (5.24)
The anticommutators of the flavor ladder operators at different times are:{
αrk,e(t), α
r†
k,e(t
′)
}
= cos2 θ + sin2 θ
(
|Uk|2e−i(ω2−ω1)(t−t′) + |Vk|2ei(ω2+ω1)(t−t′)
)
,
(5.25){
αr†−k,e(t), α
r†
k,e(t
′)
}
= ǫr sin2 θ |Uk||Vk|
(
eiω2(t−t
′) − e−iω2(t−t′)
)
e−iω1(t+t
′) , (5.26){
αrk,µ(t), α
r†
k,e(t
′)
}
= cos θ sin θ |Uk|
(
ei(ω2−ω1)t
′ − ei(ω2−ω1)t
)
, (5.27){
αr†−k,µ(t), α
r†
k,e(t
′)
}
= ǫr cos θ sin θ |Vk|
(
e−i(ω2+ω1)t
′ − e−i(ω2+ω1)t
)
. (5.28)
The following quantity is constant in time:∣∣∣{αrk,e(t), αr†k,e(t′)}∣∣∣2 + ∣∣∣{αr†−k,e(t), αr†k,e(t′)}∣∣∣2 +
+
∣∣∣{αrk,µ(t), αr†k,e(t′)}∣∣∣2 + ∣∣∣{αr†−k,µ(t), αr†k,e(t′)}∣∣∣2 = 1 . (5.29)
The corresponding of Eq.(5.29) for Dirac fields, was consistently interpreted as
expressing the conservation of total charge. In the present case we are dealing with
a neutral field and thus the charge operator vanishes identically. Nevertheless the
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quantities in Eq.(5.29) are well defined and are the Majorana field counterpart of
the corresponding ones for the case of Dirac fields. Thus we look for a physical
interpretation of such oscillating quantities.
Let us consider the momentum operator defined as
P j ≡
∫
d3x T 0j(x), (5.30)
where the energy-momentum tensor for the fermion field, T µν , is defined by
T µν ≡ iψ¯γν∂µψ. (5.31)
For the free fields ψi we have:
Pi =
∫
d3xψ†i (x)(−i∇)ψi(x) =
∫
d3k
∑
r=1,2
k
(
αr†k,iα
r
k,i − αr†−k,iαr−k,i
)
, i = 1, 2 .
(5.32)
We then define the momentum operator for mixed fields:
Pσ(t) =
∫
d3xψ†σ(x)(−i∇)ψσ(x) =
∫
d3k
∑
r=1,2
k
(
αr†k,σ(t)α
r
k,σ(t)− αr†−k,σ(t)αr−k,σ(t)
)
,
(5.33)
with σ = e, µ. We have
Pσ(t) = G
−1
θ (t)PiGθ(t) (5.34)
and the conservation of total momentum as a consequence of
Pe(t) +Pµ(t) = P1 +P2 ≡ P , [P, Gθ(t)] = 0 , [P, H ] = 0 . (5.35)
We now consider the expectation values on the flavor state |αrk,e〉 ≡ |αrk,e(0)〉. At
time t = 0, this state is an eigenstate of the momentum operator Pe(0):
Pe(0) |αrk,e〉 = k |αrk,e〉 . (5.36)
At t 6= 0 the expectation value for the momentum (normalized to initial value)
gives:
Pek,σ(t) ≡
〈αrk,e|Pσ(t)|αrk,e〉
〈αrk,e|Pσ(0)|αrk,e〉
=
∣∣∣{αrk,σ(t), αr†k,e(0)}∣∣∣2 + ∣∣∣{αr†−k,σ(t), αr†k,e(0)}∣∣∣2 , (5.37)
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with σ = e, µ, which is the same form of the expression one obtains for the expecta-
tion values of the flavor charges in the case of Dirac fields [20]. The flavor vacuum
expectation value of the momentum operator Pσ(t) vanishes at all times:
e,µ〈0|Pσ(t)|0〉e,µ = 0 , σ = e, µ . (5.38)
The explicit calculation of the oscillating quantities Pek,σ(t) gives:
Pek,e(t) = 1− sin2 2θ
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
+ |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)]
,
(5.39)
Pek,µ(t) = sin2 2θ
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
+ |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)]
, (5.40)
in complete agreement with the Dirac field case [20].
5.3 Discussion and Conclusions
In this chapter, we have studied the mixing among two generations in the case of
Majorana in the context of Quantum Field Theory.
The main point is the calculation of oscillation formulas, which we obtained by
use of the momentum operator, that is well defined for (mixed) neutral fields, whereas
the charge operator vanishes identically. The results confirm the oscillation formulas
already obtained in the case of Dirac fields by use of the flavor charges, and it also
reveals to be useful in the case of three flavor mixing, where the presence of the CP
violating phase introduces ambiguities in the treatment based on flavor charges [30].
It is indeed interesting to comment on this point: for Dirac fields, the momentum
operator is given as
Pσ(t) =
∫
d3k
∑
r
k
2
(
αr†k,σ(t)α
r
k,σ(t)− αr†−k,σ(t)αr−k,σ(t) +
+βr†k,σ(t)β
r
k,σ(t)− βr†−k,σ(t)βr−k,σ(t)
)
, σ = e, µ, τ . (5.41)
This operator can be used for the calculation of the oscillation formulas for Dirac
neutrinos in analogy with what done above in the Majorana case. Although in this
case the charge operator is available and it has been used successfully for deriving
the oscillation formula [20] in the two-flavor case, it has emerged that for three-flavor
mixing, the CP violating phase introduces complications in the identification of the
observables and indeed the matter is still object of discussion [29, 30, 31]. The main
problem there is that the flavor charges at time t do not annihilate the flavor vacuum:
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f 〈0|Qσ(t)|0〉f 6= 0 and this expectation value needs to be subtracted by hand in order
to get the correct oscillation formulas [30].
However, we see easily how the use of the momentum operator confirms the results
of Ref.[30], without presenting any ambiguity. We have indeed:
f〈0|Pσ(t)|0〉f = 0 (5.42)
〈νρ|Pσ(t)|νρ〉
〈νρ|Pσ(0)|νρ〉 =
∣∣∣{αrk,σ(t), αr†k,ρ(0)}∣∣∣2 + ∣∣∣{βr†−k,σ(t), αr†k,ρ(0)}∣∣∣2 , (5.43)
with σ, ρ = e, µ, τ and |νρ〉 ≡ αr†k,ρ(0)|0〉f . This follows from the following relations:
f 〈0|αr†k,σ(t)αrk,σ(t)|0〉f = f〈0|αr†−k,σ(t)αr−k,σ(t)|0〉f (5.44)
f 〈0|βr†k,σ(t)βrk,σ(t)|0〉f = f〈0|βr†−k,σ(t)βr−k,σ(t)|0〉f (5.45)
which are valid even in presence of CP violation, when f 〈0|αr†k,σ(t)αrk,σ(t)|0〉f 6=
f 〈0|βr†−k,σ(t)βr−k,σ(t)|0〉f .
These results seem to suggest that perhaps a redefinition of the flavor charge
operators is necessary in presence of CP violation and further study in this direction
is in progress.
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Chapter 6
Neutrino mixing and cosmological
constant
We show that the non–perturbative vacuum structure associated with neutrino mix-
ing leads to a non–zero contribution to the value of the cosmological constant. Such
a contribution comes from the specific nature of the mixing phenomenon. Its origin
is completely different from the one of the ordinary contribution of a massive spinor
field. We estimate this neutrino mixing contribution by using the natural cut–off
appearing in the quantum field theory formalism for neutrino mixing and oscillation.
6.1 Introduction
By resorting to the recent discovery of the unitary inequivalence between the mass
and the flavor vacua for neutrino fields in quantum field theory (QFT) [20, 21, 25,
26, 27, 28, 29, 31, 33, 42, 43], we show that the non–perturbative vacuum structure
associated with neutrino mixing may lead to a non–zero contribution to the value of
the cosmological constant [34].
The contribution we find comes from the specific nature of the field mixing and
is therefore of different origin with respect to the ordinary well known perturbative
vacuum energy contribution of a massive spinor field.
The nature of the cosmological constant, say Λ, is one of the most intriguing
issues in modern theoretical physics and cosmology. Data coming from observations
indicate that not only Λ is different from zero, but it also dominates the universe
dynamics driving an accelerated expansion (see for example [47]).
In the classical framework, Λ can be considered as an intrinsic (i.e. not induced
by matter) curvature of space-time or a sort of shift in the matter Lagrangian. In the
latter case Λ can be considered as an unclustered, non interacting component of the
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cosmic fluid with a constant energy density ρ and the equation of state p = −ρ. These
properties and the fact that the presence of a cosmological constant fluid has to be
compatible with the structure formation, allow to set the upper bound Λ < 10−56cm−2
[48].
In the quantum framework, the standard approach is to consider the cosmological
constant as a gravitational effect of vacuum energy [49, 50, 51]. A common problem
of all these approaches is that they do not provide a value of Λ in the bound given
above. This is known as the cosmological constant problem [51] and it has been tried
to address it in different ways (see for example [52]).
In this chapter, we show that the vacuum energy induced by the neutrino mixing
may contribute to the value of cosmological constant in a fundamentally different
way from the usual zero-point energy contribution, as already stated above.
Indeed, it has been realized [20, 21, 25] that the mixing of massive neutrino fields
is a highly non-trivial transformation in QFT. The vacuum for neutrinos with definite
mass is not invariant under the mixing transformation and in the infinite volume limit
it is unitarily inequivalent to the vacuum for the neutrino fields with definite flavor
number. This affects the oscillation formula which turns out to be different from
the usual Pontecorvo formula [1] and a number of consequences have been already
discussed [21].
The existence of the two inequivalent vacua for the flavor and the mass eigenstate
neutrino fields, respectively, is crucial in order to obtain a non–zero contribution to
the cosmological constant as we show below.
In Section 6.2, we show that the neutrino contribution to the value of the cos-
mological constant is non–zero and then we estimate its value by using the natural
scale of neutrino mixing as cut–off. The result turns out to be compatible with the
above mentioned upper bound on Λ. Section 6.3 is devoted to the conclusions. The
Appendix J is devoted to the tetradic formalism in the Friedmann Robertson Walker
(FRW) space–time.
6.2 Neutrino mixing contribution to the cosmo-
logical constant
The connection between the vacuum energy density 〈ρvac〉 and the cosmological con-
stant Λ is provided by the well known relation
〈ρvac〉 = Λ
4πG
, (6.1)
where G is the gravitational constant.
In order to calculate 〈ρvac〉 we have to consider tetrads and spinorial connection.
The symmetries of the cosmological metric make this task easier.
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Tetrads are defined as a local inertial coordinate system at every space-time point
defined by
gµν = e
a
µ e
b
ν ηab, (6.2)
where gµν it the curved space-time metric and ηab is the Minkowski metric. In the
tetrads framework the parallel transport in a torsion free space-time is defined by the
affine spin connection one form
ωab = ω
a
bµdx
µ, (6.3)
which satisfies the Cartan Structure equations
dea + ωab ∧ eb = 0, (6.4)
where ea is the tetrad one-form defined by
ea = eaνdx
ν . (6.5)
The energy–momentum tensor density Tµν is obtained by varying the action with
respect to the metric gµν :
Tµν = 2√−g
δS
δgµν(x)
, (6.6)
where the action is
S =
∫ √−gL(x)d4x. (6.7)
In the present case, the energy momentum tensor density is given by
Tµν(x) = i
2
(
Ψ¯m(x)γµ
←→
D νΨm(x)
)
, (6.8)
where
←→
D ν is the covariant derivative:
Dν = ∂ν + Γν , Γν =
1
8
ωabν [γa, γb], γµ(x) = γ
cecµ(x), (6.9)
being γc the standard Dirac matrices, and Ψ¯
←→
D νΨ = Ψ¯DΨ−(DΨ¯)Ψ. Let us consider
the FRW metric of the form
ds2 = dt2 − a2(t)
(
dr2
ρ
+ r2dθ2 + r2 sin2(θ)dφ2
)
, (6.10)
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with ρ = 1− κr2, and κ = 0, 1,−1.
In the FRW metric Eq.(6.10), the most natural choice for tetrads is
e0 = e00 dx
0 = dt, e1 = e11 dx
1 =
a(t)
ρ
dr,
e2 = e22 dx
2 = a(t) r dθ, e3 = e33 dx
3 = a(t) r sin(θ)dr. (6.11)
Using Eq.(6.4) and the definitions in Eq.(6.9) we have (see the Appendix J)
D0 = ∂0 +
1
4
[γi, γ0] H ei0 +
1
4
[γ1, γj]
ρ
ar
ej0 +
1
4
[γ2, γ3]
tan(θ)
ar
e30, (6.12)
with i = 1, 2, 3, j = 2, 3.
Since we choose diagonal tetrads every term ek0 with k = 1, 2, 3 is null. This
implies that all the terms but the first are null whatever the value of the commutators
of the Dirac matrices. It is worth to stress that this result is independent of the
choice of tetrads because the (0,0) component of the energy momentum tensor of a
fluid is equivalent to the energy density only if the tetrads (or in general the chosen
coordinates) are time-orthogonal as in Eq.(6.11). If we choose non time-orthogonal
tetrads, i.e. e00 not constant, T00(x) does not represent the energy density because it
acquires ”pressure components” due to the different orientation of the tetrad. In our
calculation these terms are the second, third and forth term of the Eq.(6.12).
Thus the temporal component of the spinorial derivative in the FRW metric is
just the standard time derivative [34]:
D0 = ∂0. (6.13)
This is not surprising if we consider the symmetries of the metric element Eq.(6.10).
Thus, the (0,0) component of the stress energy tensor density is
T00 = T F lat00 . (6.14)
This allows us to use T F lat00 to compute the cosmological constant. From Eq.(6.8)
we thus obtain
T00(x) = i
2
:
(
Ψ¯m(x)γ0
←→
∂ 0Ψm(x)
)
: (6.15)
where : ... : denotes the customary normal ordering with respect to the mass vacuum
in the flat space-time.
In terms of the annihilation and creation operators of fields ν1 and ν2, the energy-
momentum tensor
T00 =
∫
d3xT00(x) (6.16)
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is given by
T
(i)
00 =
∑
r
∫
d3kωk,i
(
αr†k,iα
r
k,i + β
r†
−k,iβ
r
−k,i
)
, i = 1, 2, (6.17)
and we note that T
(i)
00 is time independent.
Next, our task is to compute the expectation value of T
(i)
00 in the flavor vacuum
|0〉f , which, as already recalled, is the one relevant to mixing and oscillations. Thus,
the contribution 〈ρmixvac 〉 of the neutrino mixing to the vacuum energy density is:
f〈0|
∑
i
T
(i)
00 (0)|0〉f = 〈ρmixvac 〉η00 . (6.18)
We observe that within the above QFT formalism for neutrino mixing we have
f〈0|T (i)00 |0〉f = f〈0(t)|T (i)00 |0(t)〉f (6.19)
for any t. We then obtain
f 〈0|
∑
i
T
(i)
00 (0)|0〉f =
∑
i,r
∫
d3kωk,i
(
f〈0|αr†k,iαrk,i|0〉f + f〈0|βr†k,iβrk,i|0〉f
)
. (6.20)
For simplicity we restrict ourselves to the two flavor mixing and we use Dirac neutrino
fields. Since [25]
f〈0|αr†k,iαrk,i|0〉f = f〈0|βr†k,iβrk,i|0〉f = sin2 θ|Vk|2, (6.21)
we get
f〈0|
∑
i
T
(i)
00 (0)|0〉f = 8 sin2 θ
∫
d3k (ωk,1 + ωk,2) |Vk|2 = 〈ρmixvac 〉η00, (6.22)
i.e.
〈ρmixvac 〉 = 32π2 sin2 θ
∫ K
0
dk k2(ωk,1 + ωk,2)|Vk|2, (6.23)
where the cut-off K has been introduced. Eq.(6.23) is our result: it shows that the
cosmological constant gets a non-zero contribution induced from the neutrino mixing
[34]. Notice that such a contribution is indeed zero in the no-mixing limit when the
mixing angle θ = 0 and/orm1 = m2. It is to be remarked that the contribution is zero
also in the limit of Vk → 0, namely in the limit of the traditional phenomenological
mixing treatment.
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It is interesting to note that, for high momenta, the function |Vk|2 produces a
drastic decrease in the degree of divergency of the above integral, in comparison with
the case of a free field. Thus, if for example we chose K ≫√m1m2, we obtain:
〈ρmixvac 〉 ∝ sin2 θ (m2 −m1)2K2, (6.24)
whereas the usual zero-point energy contribution would be going like K4.
Of course, we are not in a position to make our result independent on the cut-off
choice. However, this was not our goal. What we have shown is that a non - zero
contribution to the value of the cosmological constant may come from the mixing
of the neutrinos. We have not solved the cosmological constant problem. Although
it might be unsatisfactory from a general theoretical point of view, we may try to
estimate the neutrino mixing contribution by making our choice for the cut-off. Since
we are dealing with neutrino mixing, at a first trial it might be reasonable to chose the
cut-off proportional to the natural scale we have in the mixing phenomenon, namely
k20 ≃ m1m2 [25].
With such a choice, using K ∼ k0, m1 = 7 × 10−3eV , m2 = 5 × 10−2eV , k0 =
10−3eV and sin2 θ ≃ 1 in Eq.(6.23), we obtain
〈ρmixvac 〉 = 1.3× 10−47GeV 4 (6.25)
Using Eq.(6.1), we have agreement with the upper bound given in Section 6.1:
Λ ∼ 10−56cm−2, (6.26)
Another possible choice is to use the electro-weak scale cut-off: K ≈ 100GeV . We
then have
〈ρmixvac 〉 = 1.5× 10−15GeV 4 (6.27)
and
Λ ∼ 10−24cm−2, (6.28)
which is, however, beyond the accepted upper bound.
6.3 Conclusions
In this chapter we have shown that the neutrino mixing can give rise to a non zero
contribution to the cosmological constant [34]. We have shown that this contribution
is of a different nature with respect to that given by the zero-point energy of free
fields and we estimated it by using the cut–off given by the natural scale of the
neutrino mixing phenomenon. The different origin of the mixing contribution also
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manifests in the different ultraviolet divergency order (quadratic rather than quartic,
see Eq.(6.24)). The obtained value is consistent with the accepted upper bound for
the value of Λ. On the contrary, by using as a cut off the one related with the
electroweak scale, the Λ value is greater than such upper bound.
It is worth to stress once more that the origin of the present contribution is
completely different from that of the ordinary contribution to the vacuum zero energy
of a massive spinor field. As we have shown, the effect we find is not originated from
a radiative correction at some perturbative order [53]. Our effect is exact at any
order. It comes from the property of QFT of being endowed with infinitely many
representations of the canonical (anti-)commutation relations in the infinite volume
limit. Therefore, the new result we find is that it is the mixing phenomenon which
provides such a vacuum energy contribution, and this is so since the field mixing
involves unitary inequivalent representations. Indeed, as Eqs.(6.21)-(6.23) show the
contribution vanishes as Vk → 0, namely in the quantum mechanical limit where
the representations of the (anti-)commutation relations are all each other unitarily
equivalent. Our result thus discloses a new possible mechanism contributing to the
cosmological constant value.
As a final consideration, we observe that this effect could also be exploited in
the issue of dark energy without introducing exotic fields like quintessence. In fact,
neutrinos constitute a cosmic background of unclustered components whose mixing
and oscillations could drive the observed accelerated expansion.
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PART 2. BOSON MIXING
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Chapter 7
Boson mixing in Quantum
Mechanics
In this chapter we present the theoretical model describing the meson mixing and os-
cillations in Quantum Mechanics. In particular, the boson oscillations will be treated
by using the Gell-Mann and Pais formalism.
7.1 Usual representation of boson oscillations: the
Gell-Mann Pais model
Quark mixing and meson mixing are widely accepted and verified [4]. However, many
features of the physics of mixing are still obscure, for example the issue related to its
origin in the context of Standard Model and the related problem of the generation of
masses.
The problem of the boson mixing is known since 1955 when Gell-Mann and Pais
predicted the existence of two neutral kaons [54] : K0 of strangeness S = 1 and K¯0
of strangeness S = −1. These are particle and antiparticle, and are connected by
the process of charge conjugation, which involves a reversal of values of I3 and a
change of strangeness ∆S = 2. Strong interactions conserve I3 and S, so that as far
as production is concerned, the separate neutral-kaon eigenstates are K0 − K¯0.
Now suppose K0 and K¯0 particles propagate through empty space. Since both
are neutral, both can decay to pions by weak interaction, with ∆S = 1. Thus, mixing
can occur via (virtual) intermediate pion states:
K0 ⇆ 2π ⇆ K¯0
K0 ⇆ 3π ⇆ K¯0 (7.1)
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These transitions are ∆S = 2 and thus second order weak interactions. Although
extremely weak, this implies that if one has a pure K0-state at t = 0, at any later
time t > 0 one will have a superposition of both K0 and K¯0, so that the state can be
written
|K(t)〉 = α(t)|K0〉+ β(t)|K¯0〉. (7.2)
The phenomena has been explained by realizing that what we observe is the
mixture of two mass and mean life eigenstates KS and KL expressed by
|KS〉 = 1√
2(1 + |ε|2) [(1 + ε)|K
0〉+ (1− ε)|K¯0〉] = 1√
(1 + |ε|2)(|K1〉+ ε|K2〉),
|KL〉 = 1√
2(1 + |ε|2) [(1 + ε)|K
0〉 − (1− ε)|K¯0〉] = 1√
(1 + |ε|2)(|K2〉+ ε|K1〉),
(7.3)
where ε is a small, complex parameter responsible for CP symmetry breaking and
K1, K2 are CP eigenstates:
|K1〉 = 1√
2
(|K0〉+ |K¯0〉) CP |K1〉 = |K1〉,
|K2〉 = 1√
2
(|K0〉 − |K¯0〉) CP |K2〉 = −|K2〉 (7.4)
with the convention
CP |K0〉 = |K¯0〉
CP |K¯0〉 = |K0〉. (7.5)
Unlike K0 and K¯0, distinguished by their mode of production (the K0 can be
produced by nonstrange particles in association with a hyperon and K¯0 can be pro-
duced only in association with a kaon or antihyperon, of strangeness S = 1), KS and
KL are distinguished by their mode of decay. Consider 2π and 3π decay modes.
Since pions have no spin, angular momentum conservation requires that the two
pions resulting from K0 −→ 2π decay carry relative angular momentum equal to
the spin of the kaon. A neutral 2π state with specified angular momentum l is an
eigenstate of C with eigenvalue C = (−1)l, since the action of C is just to exchange
the two pions.
Being K0 a spinless particle, Gell-Mann e Pais concluded that only the component
K1, CP eigenstate with eigenvalue 1, would be capable of 2π decay; while K2 would
only decay in 3π state with CP = −1. But, in 1964 Christenson, Cronin, Fitch and
Turlay [2] demonstrate that the K2 state could also decay to π
+π− with a branching
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ratio of order 10−3. Then there is a CP violation in the K0 decay and the physical
component of K0 are KS (short lived component) and KL (long lived component),
where KS consists principally of a CP = +1 amplitude, but with a little CP = −1,
and KL vice versa. Experimentally the mean lives of KS and KL are τS = (0.8934∓
0.0008)× 10−10 sec, τL = (5.17∓ 0.04)× 10−8 sec respectively.
An important phenomenon is the K0 regeneration [55]. Suppose we produce a
pure K0 beam and let it travel in vacuo for the order of 100KS mean lives, so that
all the KS component has decayed and we are left with KL only. Now let the KL
beam traverse a slab of material and interact. Immediately, the strong interactions
will pick out the strangeness S = +1 and S = −1 components of the beam.
Thus, of the original K0 beam intensity, about 50% has disappeared by KS de-
cay. The remainder, KL upon traversing a slab where its nuclear interaction can be
observed, should consist of 50% K0 and 50% K¯0.
TheK0 and K¯0 must be absorbed differently; K0 particles can only undergo elastic
and charge exchange scattering, while K¯0 particles can also undergo strangeness
exchange giving hyperons:
K0 + p→ K+ + n (7.6)
K0 + n→ K0 + n (7.7)
and
K¯0 + p→

Λ0 + π+
Σ+ + π0
p+K+ +K−
(7.8)
K¯0 + n→ Λ0 + π0. (7.9)
With more strong channels open, the K¯0 is therefore absorbed more strongly than
K0. After emerging from the slab, we shall therefore have a K0 amplitude f |K0〉 and
a K¯0 amplitude f¯ |K¯0〉, where f¯ < f < 1. If we neglect the CP symmetry breaking,
the emergent beam will be
1
2
(f |K0〉 − f¯ |K¯0〉) = f + f¯
2
√
2
(|K0〉 − |K¯0〉) + f − f¯
2
√
2
(|K0〉+ |K¯0〉)
=
1
2
(f + f¯)|KL〉+ 1
2
(f − f¯)|KS〉. (7.10)
Since f 6= f¯ , it follows that some of the KS state has been regenerated.
The main prediction of the particle mixture hypothesis is the possibility of ob-
serving the KS −KL interference. If we make the assumption of exponential decay,
each component will have a time dependence of the form e−(Γi/2ℏ+iEi/ℏ)t where Ei is
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the total energy of the particle i = L, S and Γi = ℏ/τi is the width of the state, τi
being the mean life in the frame in which the energy Ei is defined.
Set ℏ = c = 1, and measure all times in the rest frame, so that τi is the proper
lifetime and Ei = mi, the particle rest mass, then the time dependence became
e−(Γi/2+imi)t.
Suppose that we produce K0 at t = 0, from Eqs.(7.3), the K0 state at t = 0 is a
coherent superposition of KS and KL
|K0〉 =
√
1 + |ε|2
2(1 + ε)2
(|KS〉+ |KL〉). (7.11)
After time t, as |KS〉 and |KL〉 states are definite mass eigenstates, we have
|K0(t)〉 =
√
1 + |ε|2
2(1 + ε)2
[
e−(ΓS/2+imS)t|KS〉+ e−(ΓL/2+imL)t|KL〉
]
(7.12)
and then after a time t for free decay in vacuo, the K0 fraction of the beam will be
P (K0, t) =
∣∣〈K0(t)|K0〉∣∣2 = 1
4
∣∣e−(ΓS/2+imS )t + e−(ΓL/2+imL)t∣∣2
=
1
4
[
e−ΓSt + e−ΓLt + ei(mL−mS)te−(ΓS+ΓL)t/2 + e−i(mL−mS)te−(ΓS+ΓL)t/2
]
=
1
4
[
e−ΓSt + e−ΓLt + 2e−(ΓS+ΓL)t/2 cos(∆mt)
]
, (7.13)
where ∆m = mL −mS = (3.489∓ 0.009)× 10−12MeV .
Similarly, the K¯0 fraction of the beam will be
P (K¯0, t) =
1
4
[
e−ΓSt + e−ΓLt − 2e−(ΓS+ΓL)t/2 cos(∆mt)] . (7.14)
The neutralK0−K¯0 boson system is not the only one where the quantum mechan-
ical mass mixing can be considered. We can expect to observe the same phenomenon
in other neutral boson systems: D0 − D¯0, B0 − B¯0 and η − η′. Generally, flavor
oscillations of particles can occur when states produced and detected in a given ex-
periment, are superpositions of two or more eigenstates with different masses. The
mesons oscillations has been used to place stringent constraints on physics beyond
the Standard Model.
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Chapter 8
Quantum field theory of boson
mixing
We consider the quantum field theoretical formulation of boson field mixing and
obtain the exact oscillation formula. This formula does not depend on arbitrary
mass parameters. We show that the space for the mixed field states is unitarily
inequivalent to the state space where the unmixed field operators are defined. We
also study the structure of the currents and charges for the mixed fields.
8.1 Introduction
A rich non–perturbative vacuum structure has been discovered to be associated with
the mixing of fermion fields in the context of Quantum Field Theory [25, 32]. The
careful study of such a structure [28] has led to the determination of the exact QFT
formula for neutrino oscillations [20, 21], exhibiting new features with respect to the
usual quantum mechanical Pontecorvo formula [1]. Actually, it turns out [18, 26, 42,
43] that the non–trivial nature of the mixing transformations manifests itself also in
the case of the mixing of boson fields. Of course, in this case the condensate structure
for the “flavor” vacuum is very much different from the fermion case and a careful
analysis is necessary in order to understand which phenomenological consequences
are to be expected for the oscillations of mixed bosons.
In this chapter, we perform this analysis first at a formal level and then we study
the oscillations of mixed mesons (charged and neutral systems). We will treat these
particles as stable ones, an approximation which however does not affect the general
validity of our results. In the framework of the QFT analysis of Refs. [18, 25], a
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study of the meson mixing and oscillations has been carried out in Ref.[42], where
modifications to the usual oscillation formulas, connected with the vacuum structure,
have been presented. However, the results of Ref. [42] can be improved in many
respects [26] and in the present chapter we show that the oscillation formula there
obtained has to be actually replaced with the exact one here presented.
In Section 8.2 we study the quantum field theory of two mixed spin-zero charged
boson fields. In Section 8.3 we analyze the structure of currents for mixed fields
and we derive the exact oscillation formula for complex and neutral fields in Sections
8.4 and 8.5, respectively. Section 8.6 is devoted to conclusions. Some mathematical
derivations are given in the Appendix K.
8.2 Mixing of boson fields in QFT
The observed boson oscillations always involve particles with zero electrical charge.
In the case of K0 − K¯0, B0 − B¯0, D0 − D¯0, what oscillate are some other quantum
numbers such as the strangeness and the isospin. Therefore, in the study of boson
mixing, for these particles, we can consider [56] complex fields. The charge in question
is some “flavor charge” (e.g. the strangeness) and thus the complex fields are “flavor
charged” fields, referred to as “flavor fields” for simplicity.
We define the mixing relations as:
φA(x) = φ1(x) cos θ + φ2(x) sin θ
φB(x) = −φ1(x) sin θ + φ2(x) cos θ (8.1)
where generically we denote the mixed fields with suffixes A and B. Let the fields
φi(x), i = 1, 2, be free complex fields with definite masses. Their conjugate momenta
are πi(x) = ∂0φ
†
i(x) and the commutation relations are the usual ones:
[φi(x), πj(y)]t=t′ = [φ
†
i(x), π
†
j (y)]t=t′ = iδ
3(x− y) δij, i, j = 1, 2 . (8.2)
with the other equal–time commutators vanishing. The Fourier expansions of fields
and momenta are:
φi(x) =
∫
d3k
(2π)
3
2
1√
2ωk,i
(
ak,i e
−iωk,it + b†−k,i e
iωk,it
)
eik·x (8.3)
πi(x) = i
∫
d3k
(2π)
3
2
√
ωk,i
2
(
a†k,i e
iωk,it − b−k,i e−iωk,it
)
eik·x , (8.4)
where ωk,i =
√
k2 +m2i and [ak,i, a
†
p,j ] = [bk,i, b
†
p,j ] = δ
3(k − p)δij , with i, j = 1, 2
and the other commutators vanishing. We will consider stable particles, which will
not affect the general validity of our results.
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We now proceed in a similar way to what has been done [25] for fermions and
recast Eqs.(8.1) into the form [26]:
φA(x) = G
−1
θ (t) φ1(x) Gθ(t) (8.5)
φB(x) = G
−1
θ (t) φ2(x) Gθ(t) (8.6)
and similar ones for πA(x), πB(x). Gθ(t) denotes the operator which implements the
mixing transformations (8.1):
Gθ(t) = exp
[
−i θ
∫
d3x
(
π1(x)φ2(x)− φ†1(x)π†2(x)− π2(x)φ1(x) + φ†2(x)π†1(x)
)]
,
(8.7)
which is (at finite volume) a unitary operator: G−1θ (t) = G−θ(t) = G
†
θ(t). The
generator of the mixing transformation in the exponent of Gθ(t) can also be written
as
Gθ(t) = exp[θ(S+(t)− S−(t))] . (8.8)
The operators
S+(t) = S
†
−(t) ≡ −i
∫
d3x (π1(x)φ2(x)− φ†1(x)π†2(x)) , (8.9)
together with
S3 ≡ −i
2
∫
d3x
(
π1(x)φ1(x)− φ†1(x)π†1(x)− π2(x)φ2(x) + φ†2(x)π†2(x)
)
(8.10)
S0 =
Q
2
≡ −i
2
∫
d3x
(
π1(x)φ1(x)− φ†1(x)π†1(x) + π2(x)φ2(x)− φ†2(x)π†2(x)
)
, (8.11)
close the su(2) algebra (at each time t):
[S+(t), S−(t)] = 2S3, [S3, S±(t)] = ±S±(t), [S0, S3] = [S0, S±(t)] = 0. (8.12)
Note that S3 and S0 are time independent. It is useful to write down explicitly the
expansions of the above generators in terms of annihilation and creation operators:
S+(t) =
∫
d3k
(
U∗k(t) a
†
k,1ak,2 − V ∗k (t) b−k,1ak,2 + Vk(t) a†k,1b†−k,2 − Uk(t) b−k,1b†−k,2
)
,
(8.13)
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S−(t) =
∫
d3k
(
Uk(t) a
†
k,2ak,1 − Vk(t) a†k,2b†−k,1 + V ∗k (t) b−k,2ak,1 − U∗k(t) b−k,2b†−k,1
)
,
(8.14)
S3 =
1
2
∫
d3k
(
a†k,1ak,1 − b†−k,1b−k,1 − a†k,2ak,2 + b†−k,2b−k,2
)
, (8.15)
S0 =
1
2
∫
d3k
(
a†k,1ak,1 − b†−k,1b−k,1 + a†k,2ak,2 − b†−k,2b−k,2
)
. (8.16)
As for the case of the fermion mixing, the structure of the generator Eq.(8.7) is
recognized to be the one of a rotation combined with a Bogoliubov transformation
(see below Eqs.(8.30)-(8.33)). Indeed, in the above equations, the coefficients
Uk(t) ≡ |Uk| ei(ωk,2−ωk,1)t , Vk(t) ≡ |Vk| ei(ωk,1+ωk,2)t (8.17)
appear to be the Bogoliubov coefficients. They are defined as
|Uk| ≡ 1
2
(√
ωk,1
ωk,2
+
√
ωk,2
ωk,1
)
, |Vk| ≡ 1
2
(√
ωk,1
ωk,2
−
√
ωk,2
ωk,1
)
(8.18)
and satisfy the relation
|Uk|2 − |Vk|2 = 1 , (8.19)
which is in fact to be expected in the boson case (note the difference with respect to
the fermion case [25]). We can thus put
|Uk| ≡ cosh ξk1,2 , |Vk| ≡ sinh ξk1,2, with ξk1,2 =
1
2
ln
(
ωk,1
ωk,2
)
. (8.20)
We now consider the action of the generator of the mixing transformations on the
vacuum |0〉1,2 for the fields φ1,2(x): ak,i|0〉1,2 = 0, i = 1, 2 . The generator induces an
SU(2) coherent state structure on such state [44]:
|0(θ, t)〉
A,B
≡ G−1θ (t) |0〉1,2 . (8.21)
From now on we will refer to the state |0(θ, t)〉
A,B
as to the “flavor” vacuum for
bosons. The suffixes A and B label the flavor charge content of the state. We have
A,B
〈0(θ, t)|0(θ, t)〉
A,B
= 1. (8.22)
In the following, we will consider the Hilbert space for flavor fields at a given time
t, say t = 0, and it is useful to define
|0(t)〉
A,B
≡ |0(θ, t)〉
A,B
and |0〉
A,B
≡ |0(θ, t = 0)〉
A,B
(8.23)
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for future reference. A crucial point is that the flavor and the mass vacua are orthog-
onal in the infinite volume limit [26]. We indeed have (see Appendix K):
1,2〈0|0(t)〉A,B =
∏
k
1,2〈0|G−1k,θ(t)|0〉1,2 =
∏
k
fk0 (θ) , for any t, (8.24)
where we have used G−1θ (t) =
∏
k
G−1k,θ(t) (see Eqs.(8.8), (8.13) and (8.14)). In the
infinite volume limit, we obtain
lim
V→∞ 1,2
〈0|0(t)〉
A,B
= lim
V→∞
e
V
(2pi)3
∫
d3k ln fk0 (θ) = 0 , for any t. (8.25)
From the Appendix K, Eq.(K.8), we see that ln fk0 (θ) is indeed negative for any
values of k, θ and m1, m2 (note that 0 ≤ θ ≤ π/4). We also observe that the
orthogonality disappears when θ = 0 and/or m1 = m2, consistently with the fact
that in both cases there is no mixing. These features are similar to the case of
fermion mixing [25]: the orthogonality is essentially due to the infinite number of
degrees of freedom [22, 23].
We can define annihilation operators for the vacuum |0(t)〉
A,B
as
ak,A(θ, t) ≡ G−1θ (t) ak,1 Gθ(t), (8.26)
ak,B(θ, t) ≡ G−1θ (t) ak,2 Gθ(t), (8.27)
b−k,A(θ, t) ≡ G−1θ (t) b−k,1 Gθ(t), (8.28)
b−k,B(θ, t) ≡ G−1θ (t) b−k,2 Gθ(t), (8.29)
with ak,A(θ, t)|0(t)〉A,B = 0. For simplicity we will use the notation ak,A(t) ≡ ak,A(θ, t).
Explicitly, we have:
ak,A(t) = cos θ ak,1 + sin θ
(
U∗k(t) ak,2 + Vk(t) b
†
−k,2
)
, (8.30)
ak,B(t) = cos θ ak,2 − sin θ
(
Uk(t) ak,1 − Vk(t) b†−k,1
)
, (8.31)
b−k,A(t) = cos θ b−k,1 + sin θ
(
U∗k(t) b−k,2 + Vk(t) a
†
k,2
)
, (8.32)
b−k,B(t) = cos θ b−k,2 − sin θ
(
Uk(t) b−k,1 − Vk(t) a†k,1
)
. (8.33)
These operators satisfy the canonical commutation relations (at equal times). In
their expressions the Bogoliubov transformation part is evidently characterized by
the terms with the U and V coefficients. The condensation density of the flavor
vacuum is given for any t by
A,B
〈0(t)|a†k,iak,i|0(t)〉A,B = A,B〈0(t)|b†−k,ib−k,i|0(t)〉A,B = sin2 θ |Vk|2, (8.34)
with i = 1, 2.
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8.2.1 Arbitrary mass parameterization
Above we have expanded the mixed fields φA,B in the same basis as the free fields
φ1,2. However, as noticed in the case of fermion mixing [28], this is not the most
general possibility. Indeed, one could as well expand the flavor fields in a basis of
fields with arbitrary masses. Of course, these arbitrary mass parameters should not
appear in the physically observable quantities. Thus, as a check for the validity of the
oscillation formula we are going to derive in Section 8.4, it is important to consider
this generalization. Let us first rewrite the free fields φ1,2 in the form [26]
φi(x) =
∫
d3k
(2π)
3
2
(
uφk,i(t) ak,i + v
φ
−k,i(t)b
†
−k,i
)
eik·x , (8.35)
πi(x) = i
∫
d3k
(2π)
3
2
(
uπk,i(t) a
†
k,i − vπ−k,i(t) b−k,i
)
eik·x , i = 1, 2, (8.36)
where we have introduced the notation
uφk,i(t) ≡
1√
2ωk,i
e−iωk,it , vφ−k,i(t) ≡
1√
2ωk,i
eiωk,it , (8.37)
uπk,i(t) ≡
√
ωk,i
2
eiωk,it , vπ−k,i(t) ≡
√
ωk,i
2
e−iωk,it, i = 1, 2 . (8.38)
We now define
ρk∗αβ(t) ≡ uπk,α(t)uφk,β(t) + vφ−k,α(t)vπ−k,β(t) = ei(ωk,α−ωk,β)t cosh ξkα,β , (8.39)
λk∗αβ(t) ≡ vπ−k,α(t)uφk,β(t) − uφk,α(t)vπ−k,β(t) = e−i(ωk,α+ωk,β)t sinh ξkα,β , (8.40)
ξkα,β ≡
1
2
ln
(
ωk,α
ωk,β
)
, α, β = 1, 2, A, B, (8.41)
where ωk,α ≡
√
k2 + µ2α. We denote with µA and µB the arbitrary mass parameters
while µ1 ≡ m1 and µ2 ≡ m2 are the physical masses. Note that ρk12(t) = Uk(t) and
λk12(t) = Vk(t). We can now write the expansion of the flavor fields in the general
form (we use a tilde to denote the generalized ladder operators):
φσ(x) =
∫
d3k
(2π)
3
2
(
uφk,σ(t) a˜k,σ(t) + v
φ
−k,σ(t) b˜
†
−k,σ(t)
)
eik·x, (8.42)
with σ = A,B, which is to be compared with the expansion in the free field basis as
given in Eqs.(8.5), (8.6):
φσ(x) =
∫
d3k
(2π)
3
2
(
uφk,i(t) ak,σ(t) + v
φ
−k,i(t) b
†
−k,σ(t)
)
eik·x , (8.43)
93
where (σ, i) = (A, 1), (B, 2).
The relation between the two sets of flavor operators is given as [26]
(
a˜k,σ(t)
b˜†−k,σ(t)
)
= J−1(t)
(
ak,σ(t)
b†−k,σ(t)
)
J(t) =
(
ρk∗σi (t) λ
k
σi(t)
λk∗σi (t) ρ
k
σi(t)
) (
ak,σ(t)
b†−k,σ(t)
)
,
(8.44)
J(t) = exp
{∫
d3k ξkσ,i
[
a†k,σ(t)b
†
−k,σ(t)− b−k,σ(t)ak,σ(t)
]}
, (8.45)
with
ξkσ,i ≡
1
2
ln
(
ωk,σ
ωk,i
)
. (8.46)
For µA = m1 and µB = m2 one has J = 1. Note that the transformation
Eq.(8.44) is in fact a Bogoliubov transformation which leaves invariant the form
a†k,σ(t)ak,σ(t)− b†−k,σ(t)b−k,σ(t).
8.3 The currents for mixed boson fields
Before presenting the exact oscillation formula, let us investigate in this Section the
structure of currents and charges for the mixed fields [26]. This will enable us to
identify the relevant physical observables to look at for flavor oscillations. Since we
are here interested in vacuum oscillations, in the following we neglect interaction
terms and only consider the free field Lagrangian for two charged scalar fields with a
mixed mass term:
L(x) = ∂µΦ†f(x) ∂µΦf (x) − Φ†f (x)MΦf (x) , (8.47)
with ΦTf = (φA, φB),
M =
(
m2A m
2
AB
m2AB m
2
B
)
. (8.48)
By means of Eq.(8.1),
Φf(x) =
(
cos θ sin θ
− sin θ cos θ
)
Φm(x) , (8.49)
L becomes diagonal in the basis ΦTm = (φ1, φ2):
L(x) = ∂µΦ†m(x) ∂µΦm(x) − Φ†m(x)MdΦm(x) , (8.50)
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where Md = diag(m
2
1, m
2
2) and
m2A = m
2
1 cos
2 θ +m22 sin
2 θ (8.51)
m2B = m
2
1 sin
2 θ +m22 cos
2 θ (8.52)
m2AB = (m
2
2 −m21) sin θ cos θ. (8.53)
The Lagrangian L is invariant under the global U(1) phase transformations
Φ′m = e
iαΦm (8.54)
as a result, we have the conservation of the Noether charge
Q =
∫
d3x I0(x), (8.55)
which is indeed the total charge of the system (we have Iµ(x) = iΦ†m(x)
↔
∂µ Φm(x)
with
↔
∂µ≡
→
∂µ −
←
∂µ).
Let us now consider the SU(2) transformation
Φ′m(x) = e
iαjτj Φm(x) , j = 1, 2, 3 , (8.56)
with αj real constants, τj = σj/2 and σj being the Pauli matrices. For m1 6= m2,
the Lagrangian is not generally invariant under (8.56) and we obtain, by use of the
equations of motion,
δL(x) = −i αj Φ†m(x) [Md , τj ] Φm(x) = −αj ∂µ Jµm,j(x) , (8.57)
where the currents are
Jµm(x) =
∂L
∂ (∂µΦm(x))
δΦm(x) + δΦ
†
m(x)
∂L
∂
(
∂µΦ
†
m(x)
) , (8.58)
and then
Jµm,j(x) = iΦ
†
m(x) τj
↔
∂µ Φm(x) , j = 1, 2, 3. (8.59)
We thus obtain the currents:
Jµm,1 =
i
2
[
(∂µφ†1)φ2 + (∂
µφ†2)φ1 − φ†1(∂µφ2)− φ†2(∂µφ1)
]
, (8.60)
Jµm,2 =
1
2
[
(∂µφ†1)φ2 − (∂µφ†2)φ1 − φ†1(∂µφ2) + φ†2(∂µφ1)
]
, (8.61)
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Jµm,3 =
i
2
[
(∂µφ†1)φ1 − (∂µφ†2)φ2 − φ†1(∂µφ1) + φ†2(∂µφ2)
]
. (8.62)
The corresponding charges,
Qm,j(t) ≡
∫
d3x J0m,j(x), (8.63)
close the su(2) algebra (at each time t). The Casimir operator Cm is proportional to
the total charge:
Cm ≡
[ 3∑
j=1
Q2m,j(t)
] 1
2
=
1
2
Q. (8.64)
Observe also that the transformation induced by Qm,2(t),
Φf (x) = e
−2iθQm,2(t)Φm(x)e2iθQm,2(t) (8.65)
is just the mixing transformation Eq.(8.49). Thus 2Qm,2(t) is the generator of the
mixing transformations. Moreover,
Qm,±(t) ≡ 1
2
[Qm,1(t)± iQm,2(t)] , (8.66)
Qm,3, and Cm are nothing but S±(t), S3, and S0, respectively, as introduced in
Eqs.(8.9)-(8.11). From Eq.(8.57) we also see that Qm,3 and Cm are conserved, con-
sistently with Eqs.(8.15), (8.16). Observe that the combinations
Q1,2 ≡ 1
2
Q±Qm,3 (8.67)
Qi =
∫
d3k
(
a†k,iak,i − b†−k,ib−k,i
)
, i = 1, 2, (8.68)
are simply the conserved1 (Noether) charges for the free fields φ1 and φ2 with
Q1 +Q2 = Q. (8.69)
We now perform the SU(2) transformations on the flavor doublet Φf :
Φ′f(x) = e
iαjτj Φf (x) , j = 1, 2, 3, (8.70)
and obtain:
δL(x) = −i αj Φ†f (x) [M, τj ] Φf (x) = −αj ∂µJµf,j(x) , (8.71)
Jµf,j(x) = iΦ
†
f(x) τj
↔
∂µ Φf (x) , j = 1, 2, 3. (8.72)
1Note that, in absence of mixing, these charges would indeed be the flavor charges, being the
flavor conserved for each generation.
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The related charges,
Qf,j(t) ≡
∫
d3x J0f,j(x) (8.73)
still fulfil the su(2) algebra and
Cf = Cm =
1
2
Q. (8.74)
Due to the off–diagonal (mixing) terms in the mass matrix M , Qf,3(t) is time–
dependent. This implies an exchange of charge between φA and φB, resulting in
the flavor oscillations. This suggests to us to define indeed the flavor charges as
QA(t) ≡ 1
2
Q + Qf,3(t) , (8.75)
QB(t) ≡ 1
2
Q − Qf,3(t) , (8.76)
with
QA(t) + QB(t) = Q. (8.77)
These charges have a simple expression in terms of the flavor ladder operators:
Qσ(t) =
∫
d3k
(
a†k,σ(t)ak,σ(t) − b†−k,σ(t)b−k,σ(t)
)
, σ = A,B . (8.78)
This is because they are connected to the Noether charges Qi of Eq.(8.68) via the
mixing generator:
Qσ(t) = G
−1
θ (t) Qi Gθ(t), (8.79)
with (σ, i) = (A, 1), (B, 2). Note that the flavor charges are invariant under the
transformation Eq.(8.44).
8.4 The oscillation formula for mixed bosons
Let us now calculate the oscillation formula for mixed bosons [26]. We will first
follow the approach of Binger and Ji [42] and show that the oscillation formulas
there presented exhibit a dependence on the arbitrary mass parameters µσ, a feature
which is not physically acceptable. We will do this by using the generalized operators
introduced above. Then we will show how to cure this pathology [26], in analogy to
what was done in Chapter 2 for the case of fermion mixing [20, 21], where the exact
formula for neutrino oscillations was derived and it was shown to be independent
from the arbitrary mass parameters that can be introduced in the expansions of the
flavor fields.
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8.4.1 The oscillation formula of Binger and Ji
Following Ref.[42], let us define the (generalized) flavor state by acting on the mass
vacuum |0〉1,2 with the flavor creation operators (we omit momentum indices):
|a˜A〉 ≡ a˜†A|0〉1,2 = ρA1 cos θ|a1〉 + ρA2 sin θ|a2〉 (8.80)
with |ai〉 = a†i |0〉12.
As already discussed in Ref.[42], the flavor state so defined is not normalized and
the normalization factor has to be introduced as
N˜A ≡ 〈a˜A|a˜A〉 = ρ2A1 cos2 θ + ρ2A2 sin2 θ . (8.81)
We have
〈a˜A|N˜A|a˜A〉 = (ρ2A1 + λ2A1) cos2 θ + (ρ2A2 + λ2A2) sin2 θ . (8.82)
The oscillation formula then follow as:
〈a˜A(t)|N˜A|a˜A(t)〉 = 〈a˜A|N˜A|a˜A〉 − 4ρ
2
A1ρ
2
A2
N˜A
sin2 θ cos2 θ sin2
(
∆E
2
t
)
(8.83)
and a similar one for the expectation value of N˜B. From the above, as announced,
it is evident that these formulas explicitly depend on the (arbitrary) parameters µσ
(see Eq.(8.39)). We also note that, for µA = m1 and µB = m2, one has ρA1 = 1,
λA1 = 0, ρA2 = U and λA2 = V . Consequently, Eqs.(8.82), (8.83) reduce respectively
to Eqs.(18) and (20) of Ref.[42].
8.4.2 The exact oscillation formula
We now show how a consistent treatment of the flavor oscillation for bosons in QFT
can be given which does not exhibit the above pathological dependence on arbitrary
parameters [26].
There are two key points to be remarked. A general feature of field mixing is
that the number operator for mixed particles is not a well-defined operator. It is
so because the mixing transformations mix creation and annihilation operators and
then the annihilation (creation) operators for flavor particles and antiparticles do not
commute at different times (see Eqs.(8.30)-(8.33)). Moreover, the number operator
does depend on the arbitrary mass parameters. Much care is therefore required in
the use of the number operator. A second remark is that the flavor states are not
to be defined by using the vacuum |0〉1,2: the flavor states so defined are in fact not
normalized and the normalization factor Eq.(8.81) depends on the arbitrary mass
parameters.
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These two difficulties can be bypassed by using the remedy already adopted in
chapter 2 [20, 21] for the case of fermions: the flavor states have shown to be con-
sistently defined by acting with the flavor creation operators on the flavor vacuum.
The observable quantities are then the expectation values of the flavor charges on the
flavor states: the oscillation formulas thus obtained do not depend on the arbitrary
mass parameters.
Let us now define2 the state of the aA particle as
|a˜k,A〉A,B ≡ a˜†k,A(0)|0˜〉A,B (8.84)
with
|0˜〉
A,B
= J−1|0〉
A,B
, (8.85)
and consider the expectation values of the flavor charges Eq.(8.78) on it (analogous
results follow if one considers |a˜k,B〉A,B). We obtain:
Q˜Ak,σ(t) ≡ A,B〈a˜k,A|Q˜σ(t)|a˜k,A〉A,B =
∣∣∣[a˜k,σ(t), a˜†k,A(0)]∣∣∣2 − ∣∣∣[b˜†−k,σ(t), a˜†k,A(0)]∣∣∣2 ,
(8.86)
with σ = A,B.
We also have
A,B
〈0˜|Q˜k,σ(t)|0˜〉A,B = 0 and Q˜Ak,A(t) + Q˜Ak,B(t) = 1.
A straightforward direct calculation shows that the above quantities do not depend
on µA and µB, i.e.:
A,B
〈a˜k,A|Q˜k,σ(t)|a˜k,A〉A,B = A,B〈ak,A|Qk,σ(t)|ak,A〉A,B , σ = A,B , (8.87)
and similar one for the expectation values on |a˜k,B〉A,B . Eq.(8.87) is a central result of
this chapter [26]: it confirms that the only physically relevant quantities are the above
expectation values of flavor charges. Note that expectation values of the number
operator, of the kind
A,B
〈a˜k,A|N˜σ(t)|a˜k,A〉A,B =
∣∣∣[a˜k,σ(t), a˜†k,A(0)]∣∣∣2 (8.88)
and similar ones, do indeed depend on the arbitrary mass parameters, although the
flavor states are properly defined (i.e. on the flavor Hilbert space). The cancellation of
these parameters happens only when considering the combination of squared modula
2In the following, we will work in the Heisenberg picture: this is particularly convenient in the
present context since special care has to be taken with the time dependence of flavor states (see the
discussion in Ref.[20]).
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of commutators of the form Eq.(8.86)3. A similar cancellation occurs for fermions
[21] with the sum of the squared modula of anticommutators.
Finally, the explicit calculation [26] gives
QAk,A(t) =
∣∣∣[ak,A(t), a†k,A(0)]∣∣∣2 − ∣∣∣[b†−k,A(t), a†k,A(0)]∣∣∣2
= 1− sin2(2θ)
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
− |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)]
,
(8.89)
QAk,B(t) =
∣∣∣[ak,B(t), a†k,A(0)]∣∣∣2 − ∣∣∣[b†−k,B(t), a†k,A(0)]∣∣∣2
= sin2(2θ)
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
− |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)]
.(8.90)
Notice the negative sign in front of the |Vk|2 terms in these formulas, in contrast
with the fermion case [20, 21]: the boson flavor charge can assume also negative
values. This fact points to the statistical nature of the phenomenon: it means that
when dealing with mixed fields, one intrinsically deals with a many–particle system,
i.e. a genuine field theory phenomenon. This situation has a strong analogy with
Thermal Field Theory (i.e. QFT at finite temperature) [23], where quasi–particle
states are ill defined and only statistical averages make sense. Of course, there is no
violation of charge conservation for the overall system of two mixed fields.
The above formulas are obviously different from the usual quantum mechanical
oscillation formulas, which however are recovered in the relativistic limit (i.e. for
|k|2 ≫ m21+m22
2
). Apart from the extra oscillating term (the one proportional to |Vk|2)
and the momentum dependent amplitudes, the QFT formulas carry the remarkable
information about the statistics of the oscillating particles: for bosons and fermions
the amplitudes (Bogoliubov coefficients) are drastically different according to the
two different statistics (|Uk| and |Vk| are circular functions in the fermion case and
hyperbolic functions in the boson case). This fact also fits with the above mentioned
statistical nature of the oscillation phenomenon in QFT. Note also that our treatment
is essentially non–perturbative [26].
In order to better appreciate the features of the QFT formulas, it is useful to plot
the oscillating charge in time for sample values of the masses and for different values
of the momentum (we use same units for masses and momentum). It is evident how
the effect of the extra oscillating term is maximal at lower momenta (see Figures 8.1
3One may think it could make sense to take the expectation value of the flavor charges on states
defined on the mass Hilbert space, as the ones defined in Eq.(8.80). A direct calculation however
shows that this is not the case and these expectation values depends on the mass parameters: the
conclusion is that one must use the flavor Hilbert space.
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Figure 8.1: Plot of QAk,B(t) in function of time for k = 0, m1 = 2, m2 = 50 and
θ = π/4.
and 8.2) and disappears for large k (see Figure 8.3) where the standard oscillation
pattern is recovered. In the following plots we use Tk =
4π
ωk,2−ωk,1 and assume maximal
mixing.
It is also interesting to plot the time average of the oscillating charge,
Q¯Ak,B =
1
nTk
nTk∫
0
dtQAk,B(t), (8.91)
as a function of the momentum. In Figure 8.4 we plot QAk,B(t) averaged over two
different time intervals, i.e. for n = 10 and n = 100: it is interesting to observe
how the larger is the time interval, the more the curve converges to the average of
the standard formula, which has the value 1
2
. The behavior for large k is due to the
fact that, as already observed, the exact oscillation formula reduces to the quantum
mechanical oscillation one in the large momentum limit (i.e. for |k|2 ≫ m21+m22
2
).
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Figure 8.2: Plot of QAk,B(t) in function of time for k = 10, m1 = 2, m2 = 50 and
θ = π/4.
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Figure 8.3: Plot of QAk,B(t) in function of time for k = 100, m1 = 2, m2 = 50 and
θ = π/4.
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Figure 8.4: The time average of QAk,B(t) over 10 Tk (dashed line) and over 100 Tk
(solid line) with respect to the average of the standard oscillation formula (horizontal
axis) as a function of k for the values m1 = 2, m2 = 50 and θ = π/4.
8.5 Mixing of neutral particles
Analyzing the mixing phenomena for the meson sector, we should also keep in mind
another important point. For example, the η − η′ mixing (which is one of the most
interesting systems due to the large mass difference of the mixed components) involves
the two neutral particles so that the mixing formulas for the charged particles do not
immediately apply. With this in mind, we consider here the case of mixing of two spin
zero neutral boson fields [41, 43] . We follow the case of charged fields as discussed
above [18, 26, 42] and introduce the following lagrangian:
L(x) = ∂µΦTf (x)∂µΦf (x) − ΦTf (x)M Φf (x) (8.92)
= ∂µΦ
T
m(x)∂
µΦm(x) − ΦTm(x) Md Φm(x) (8.93)
with ΦTf = (φA, φB) being the flavor fields and M =
(
m2A m
2
AB
m2AB m
2
B
)
. Those are
connected to the free fields ΦTm = (φ1, φ2) with Md = diag(m
2
1, m
2
2) by a rotation:
φA(x) = φ1(x) cos θ + φ2(x) sin θ (8.94)
φB(x) = −φ1(x) sin θ + φ2(x) cos θ (8.95)
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and a similar one for the conjugate momenta πi = ∂0φi. The free fields φi can be
quantized in the usual way (we use x0 ≡ t):
φi(x) =
∫
d3k
(2π)
3
2
1√
2ωk,i
(
ak,i e
−iωk,it + a†−k,i e
iωk,it
)
eikx (8.96)
πi(x) = −i
∫
d3k
(2π)
3
2
√
ωk,i
2
(
ak,i e
−iωk,it − a†−k,i eiωk,it
)
eikx, (8.97)
with i = 1, 2 and ωk,i =
√
k2 +m2i .
The commutation relations are:
[φi(x), πj(y)]x0=y0 = i δij δ
3(x− y) ,
[
ak,i, a
†
p,j
]
= δij δ
3(k− p). (8.98)
We now recast Eqs.(8.94),(8.95) into the form:
φA(x) = G
−1
θ (t) φ1(x) Gθ(t) (8.99)
φB(x) = G
−1
θ (t) φ2(x) Gθ(t) (8.100)
and similar ones for πA(x), πB(x), where Gθ(t) is the generator of the mixing trans-
formations (8.94),(8.95):
Gθ(t) = exp
[
−i θ
∫
d3x (π1(x)φ2(x)− π2(x)φ1(x))
]
, (8.101)
which is (at finite volume) a unitary operator: G−1θ (t) = G−θ(t) = G
†
θ(t).
The mixing generator is given by
Gθ(t) = exp[θ(S+(t)− S−(t))] (8.102)
and the su(2) operators are now realized as
S+(t) ≡ −i
∫
d3x π1(x)φ2(x) (8.103)
S−(t) ≡ −i
∫
d3x π2(x)φ1(x) (8.104)
S3 ≡ −i
2
∫
d3x (π1(x)φ1(x)− π2(x)φ2(x)) (8.105)
S0 ≡ −i
2
∫
d3x (π1(x)φ1(x) + π2(x)φ2(x)) . (8.106)
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We have, explicitly
S+(t)− S−(t) =
∫
d3k
(
U∗k(t) a
†
k,1ak,2 − V ∗k (t) a−k,1ak,2 + Vk(t) a†k,2a†−k,1
− Uk(t) a†k,2ak,1
)
(8.107)
where Uk(t) and Vk(t) are Bogoliubov coefficients given by
Uk(t) ≡ |Uk| ei(ωk,2−ωk,1)t , Vk(t) ≡ |Vk| ei(ωk,1+ωk,2)t (8.108)
|Uk| ≡ 1
2
(√
ωk,1
ωk,2
+
√
ωk,2
ωk,1
)
, |Vk| ≡ 1
2
(√
ωk,1
ωk,2
−
√
ωk,2
ωk,1
)
(8.109)
|Uk|2 − |Vk|2 = 1 , (8.110)
The flavor fields can be expanded as:
φσ(x) =
∫
d3k
(2π)
3
2
1√
2ωk,j
(
ak,σ(t) e
−iωk,jt + a†−k,σ(t) e
iωk,jt
)
eik·x (8.111)
πσ(x) = −i
∫
d3k
(2π)
3
2
√
ωk,j
2
(
ak,σ(t) e
−iωk,jt − a†−k,σ(t) eiωk,jt
)
eik·x , (8.112)
with σ, j = (A, 1), (B, 2) and the flavor annihilation operators given by:
ak,A(t) ≡ G−1θ (t) ak,1 Gθ(t) = cos θ ak,1 + sin θ
(
U∗k(t) ak,2 + Vk(t) a
†
−k,2
)
,
(8.113)
ak,B(t) ≡ G−1θ (t) ak,2 Gθ(t) = cos θ ak,2 − sin θ
(
Uk(t) ak,1 − Vk(t) a†−k,1
)
.
(8.114)
We now consider the action of the generator of the mixing transformations on the
vacuum |0〉1,2 for the fields φi(x): ak,i|0〉1,2 = 0, i = 1, 2 . The generator induces an
SU(2) coherent state structure on such state [44]:
|0(θ, t)〉
A,B
≡ G−1θ (t) |0〉1,2 . (8.115)
The state |0(θ, t)〉
A,B
is to the flavor vacuum for neutral bosons.
As in the case of complex boson fields, we define the state for a mixed particle
with “flavor” A and momentum k as:
|ak,A(t)〉 ≡ a†k,A(t)|0(t)〉A,B = G−1θ (t)a†k,1|0〉1,2 (8.116)
In the following we work in the Heisenberg picture, flavor states will be taken at
reference time t = 0 (including the flavor vacuum). We also define |ak,A〉 ≡ |ak,A(0)〉.
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Let us now consider the (non-vanishing) commutators of the flavor ladder opera-
tors at different times:[
ak,A(t), a
†
k,A(t
′)
]
= cos2 θ + sin2 θ
(
Uk|2e−i(ω2−ω1)(t−t′) − |Vk|2ei(ω2+ω1)(t−t′)
)
,
(8.117)[
a†−k,A(t), a
†
k,A(t
′)
]
= sin2 θ |Uk||Vk|
(
e−iω2(t−t
′) − eiω2(t−t′)
)
e−iω1(t+t
′), (8.118)[
ak,B(t), a
†
k,A(t
′)
]
= cos θ sin θ |Uk|
(
ei(ω2−ω1)t
′ − ei(ω2−ω1)t
)
, (8.119)[
a†−k,B(t), a
†
k,A(t
′)
]
= cos θ sin θ |Vk|
(
e−i(ω2+ω1)t − e−i(ω2+ω1)t′
)
. (8.120)
We observe that the following quantity is constant in time:∣∣∣[ak,A(t), a†k,A(t′)]∣∣∣2 − ∣∣∣[a†−k,A(t), a†k,A(t′)]∣∣∣2 +
+
∣∣∣[ak,B(t), a†k,A(t′)]∣∣∣2 − ∣∣∣[a†−k,B(t), a†k,A(t′)]∣∣∣2 = 1 . (8.121)
In the case of the complex boson fields [26], the corresponding of Eq.(8.121)
was consistently interpreted as expressing the conservation of total charge4. In the
present case we are dealing with a neutral field and thus the charge operator vanishes
identically. Nevertheless the quantities in Eq.(8.121) are well defined and are the
neutral-field counterparts of the corresponding ones for the case of charged fields.
Thus we look for a physical interpretation of such oscillating quantities.
Let us consider the momentum operator, defined as the diagonal space part of the
energy-momentum tensor [22]:
P j ≡
∫
d3xΘ0j(x), (8.122)
with
Θµν ≡ ∂µφ∂νφ− gµν
[
1
2
(∂φ)2 − 1
2
m2φ2
]
. (8.123)
For the free fields φi we have:
Pi =
∫
d3x πi(x)∇φi(x) =
∫
d3k
k
2
(
a†k,iak,i − a†−k,ia−k,i
)
, (8.124)
4We have, for charged bosonic fields:
〈ak,A|Qσ(t)|ak,A〉 =
∣∣∣[ak,σ(t), a†k,A(0)]∣∣∣2 − ∣∣∣[b†−k,σ(t), a†k,A(0)]∣∣∣2 , σ = A,B .
together with
A,B
〈0|Qσ(t)|0〉A,B = 0 and
∑
σ〈ak,A|Qσ(t)|ak,A〉 = 1.
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with i = 1, 2.
In a similar way we can define the momentum operator for mixed fields:
Pσ(t) =
∫
d3x πσ(x)∇φσ(x) =
∫
d3k
k
2
(
a†k,σ(t)ak,σ(t) − a†−k,σ(t)a−k,σ(t)
)
,
(8.125)
with σ = A,B. The two operators are obviously related: Pσ(t) = G
−1
θ (t)PiGθ(t).
Note that the total momentum is conserved in time since commutes with the generator
of mixing transformations (at any time):
PA(t) + PB(t) = P1 + P2 ≡ P (8.126)
[P , Gθ(t)] = 0 , [P , H ] = 0 . (8.127)
Thus in the mixing of neutral fields, the momentum operator plays an analogous
roˆle to that of the charge for charged fields [41]. For charged fields, the total charge
operator, associated with the U(1) invariance of the Lagrangian, is proportional to
the Casimir of the SU(2) group associated to the generators of the mixing transfor-
mations. This is not true anymore for the case of neutral fields, although the SU(2)
structure persists in this case as well (see Eqs.(8.103),(8.105)).
We now consider the expectation values of the momentum operator for flavor fields
on the flavor state |ak,A〉 with definite momentum k. Obviously, this is an eigenstate
of PA(t) at time t = 0:
PA(0) |ak,A〉 = k |ak,A〉 , (8.128)
which follows from P1 |ak,1〉 = k |ak,1〉 by application of G−1θ (0). At time t 6= 0, the
expectation value of the momentum (normalized to the initial value) gives:
PAσ (t) ≡
〈ak,A|Pσ(t)|ak,A〉
〈ak,A|Pσ(0)|ak,A〉 =
∣∣∣[ak,σ(t), a†k,A(0)]∣∣∣2 − ∣∣∣[a†−k,σ(t), a†k,A(0)]∣∣∣2 ,
(8.129)
with σ = A,B, which is of the same form as the expression one obtains for the
charged field.
One can explicitly check that the (flavor) vacuum expectation value of the mo-
mentum operator Pσ(t) does vanish at all times:
A,B
〈0|Pσ(t)|0〉A,B = 0 , σ = A,B (8.130)
which can be understood intuitively by realizing that the flavor vacuum |0〉
A,B
does
not carry momentum since it is a condensate of pairs carrying zero total momentum
(like the BCS ground state, for example).
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Figure 8.5: Plot of Pηk,η(t) (solid line) and Pηk,η′(t) (dashed line) in function of time
for an initially pure η state and for k = 0, m1 = 549 MeV, m2 = 958 MeV and θ = −54o.
The explicit calculation of the oscillating quantities PAk,σ(t) gives:
PAk,A(t) = 1− sin2(2θ)
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
− |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)]
(8.131)
PAk,B(t) = sin2(2θ)
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
− |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)]
.
(8.132)
in complete agreement with the charged field case [26].
The Eqs.(8.131), (8.132) are the flavor oscillation formulas for the neutral mesons,
such as η−η′, φ−ω. By definition of the momentum operator, the Eqs.(8.131), (8.132)
are the relative population densities of flavor particles in the beam.
We present in Figure 8.5 a plot of momentum oscillations for the system of η and
η′ (mη = 547MeV , Γη = 1.18keV , mη′ = 958MeV , Γη′ = 0.2MeV and θ ≈ −54◦
[27]) with zero momenta (i.e. k = 0GeV ).
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8.6 Conclusions
In this chapter we have considered the quantum field theoretical formulation of spin-
zero (charged and neutral) boson field mixing and obtained the exact oscillation
formula which does not depend on arbitrary mass parameters which can be introduced
in full generality in the theory. We have also studied the structure of the currents
and charges for the charged mixed fields. In order to make our discussion more
transparent, we have neglected the instability of the oscillating particles. This does
not affect the general validity of our result which rests on the intrinsic features of
QFT.
A crucial point in our analysis is the disclosure of the fact that the space for
the mixed field states is unitarily inequivalent to the state space where the unmixed
field operators are defined. This is a common feature with the QFT structure of the
fermion mixing, which has recently been established [20, 21, 25, 28, 32]). The vacuum
for the mixed fields turns out to be a generalized SU(2) coherent state. Of course, in
the boson case the condensate structure for the “flavor” vacuum is found to be very
much different from the one in the fermion case. Besides the intrinsic mathematical
interest, our analysis provides interesting phenomenological insights. It leads to the
exact oscillation formula for bosons which predicts oscillation behaviors susceptible
of being experimentally tested.
In the framework of the QFT analysis of Refs. [18, 25], a study of the meson
mixing and oscillations has been already carried out in Ref.[42]. However, the results
of Ref.[42] give observable quantities which are dependent on arbitrary mass param-
eters, and this is of course physically not acceptable [28]. In the present chapter we
have pointed out the origin of such a pathology and have shown how to obtain re-
sults which are independent from arbitrary parameters [26]. The oscillation formula
obtained in Ref.[42] has to be actually replaced with the exact one here presented
[26]. Moreover we have studied the case of the neutral bosons [41, 43].
Let us close by observing that although our QFT analysis discloses features which
cannot be ignored in any further study of the field mixing and oscillations, since they
are intrinsic to the structure of the QFT formalism, nevertheless there are many
aspects of the physics of mixing which are not fully understood and many features
are still obscure [57], as already observed in the introduction. The mixing of neutrinos
and their oscillations seem to be now experimentally established and quark mixing
and meson mixing are widely accepted and verified. However, several questions [58,
59, 60, 61, 62, 63, 64, 65] are the object of active discussion in the framework of the
quantum mechanics formalism for neutrino oscillations. As a matter of fact, such a
state of affairs has been a strong motivation for our searching in the structural aspects
of QFT a possible hint to the understanding of particle mixing and oscillations.
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Chapter 9
Phenomenology of flavor
oscillations with nonperturbative
Quantum Field Theoretic effects
We consider the quantum field theoretical formulation of meson mixing and obtain
the exact oscillation formula in the presence of the decay. This formula is different
from quantum mechanical formula by additional high-frequency oscillation terms.
We analyze phenomenological aspects of this nonperturbative effect and find that
the systems where this phenomena could be detected are η − η′ and φ− ω mesons.
9.1 Introduction
In the chapters 2, 3, 8 it was found that the fermions and bosons oscillation formula in
quantum field theoretical formulation is modified by additional high-frequency terms
and simpler quantum mechanical result is reproduced only in the relativistic limit.
In this chapter, we attempt the phenomenological analysis of this nonperturbative
phenomenon. The mixing of particles and antiparticles in the meson sector (e.g.,
K0 − K¯0, B0 − B¯0) requires specific adjustments to the results obtained in the case
of charged fields. Moreover, except neutrinos, all known mixed systems are subject
to decay and thus the effect of particle life-time should also be taken into account.
Specifically, in Section 9.2, we analyze the adjustments needed for the general
formulation in order to make applications for the known systems. We also study the
effect of the finite particle life-time on the field-theoretical oscillation formula. Finally
we estimate the magnitudes of the nonperturbative corrections in various systems and
discuss the systems in which the field-theoretical effect may be most significant [43].
The Section 9.3 is devoted to conclusions.
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9.2 Phenomenological application of the nonper-
turbative oscillation formula
9.2.1 K0 − K¯0, B0 − B¯0 and D0 − D¯0 mixing
The typical systems for flavor mixing areK0−K¯0, B0−B¯0 andD0−D¯0. TheK0−K¯0
and B0−B¯0 systems provide the evidence of CP-violation in weak interaction and the
D0− D¯0 is also important for the analysis of CKM mixing matrix. As an illustration
of the mixing in these systems, we consider in particular the K0 − K¯0 system here.
In K0− K¯0 mixing, K0 may not be treated as neutral since K0 6= K¯0. Of course,
this is not the mixing of two different charged particles either. Rather, the particle
here is mixed with its antiparticle. In this case it is important to identify the mixed
degrees of freedom properly. Note that in K0 − K¯0 mixing there are three distinct
modes, namely the strange eigenstates K0 − K¯0, the mass eigenstates KL −KS and
the CP eigenstates K1−K2. Each pair can be written as a linear combination of the
other ones, e.g.
K1 =
1√
2
(K0 + K¯0), K2 =
1√
2
(K0 − K¯0);
K0 = e
iδ√
2
(KL +KS), K¯
0 = e
−iδ√
2
(KL −KS);
K1 =
1√
1+|ǫ|2 (KS + ǫKL), K2 =
1√
1+|ǫ|2 (KL + ǫKS);
(9.1)
with eiδ being a complex phase and ǫ = iδ being the imaginary CP-violation pa-
rameter. K0 − K¯0 are produced as strange eigenstates and propagate as the mass
eigenstates KL, KS.
The mass eigenstates KL and KS are defined as the +1 and -1 CPT eigenstates,
respectively, so that they can be represented in terms of self-adjoint scalar fields φ1, φ2
as
KL = φ1, KS = iφ2. (9.2)
Therefore the mixing in this system is similar to the case of neutral fields with complex
mixing matrix. Since the complex mixing matrix in SU(2) can be always transformed
into the real one by suitable redefinition of the field phases which does not affect the
expectation values, the mixing in this case is equivalent to the mixing of neutral
fields.
The oscillating observables may be that of the strange charge (in the system K0
and K¯0 taken as flavor A and B, respectively) with the trivial mixing angle θ = π/4
from Eq.(9.1).
Phenomenologically relevant, however, is the oscillation of CP-eigenvalue which
determines the ratio of experimentally measured ππ to πππ decay rates. CP-oscillations
are given in terms of K1 and K2 flavors with small mixing angle
cos(θ) = 1/
√
1 + |ǫ|2. (9.3)
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9.2.2 The effect of the particle decay
To analyze the phenomenological aspects of the quantum field theory oscillation for-
mulas for fermions and bosons, we should remember that, excluding the mixing of
neutrinos, most mixed particles are unstable. Hence, we need to consider the effect
of the finite lifetime in the oscillation formulas of Eqs.(8.131) and (8.132).
The particle decay is taken in account by inserting, by hand, as usually done, the
factor e−Γt in the annihilation (creation) operators [43]:
ak,i → ak,ie−
Γi
2
t, (9.4)
b−k,i → b−k,ie−
Γi
2
t. (9.5)
Then, the oscillation formulas can be written as
PAk,A(t) =
∣∣∣[ak,A(t), a†k,A(0)]∣∣∣2 − ∣∣∣[b†−k,A(t), a†k,A(0)]∣∣∣2
=
(
cos2 θe−
Γ1
2
t + sin2 θe−
Γ2
2
t
)2
(9.6)
− sin2(2θ)e−Γ1+Γ22 t
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
− |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)]
,
PAk,B(t) =
∣∣∣[ak,B(t), a†k,A(0)]∣∣∣2 − ∣∣∣[b†−k,B(t), a†k,A(0)]∣∣∣2
= sin2(2θ)
([e−Γ12 t − e−Γ22 t
2
]2
(9.7)
+ e−
Γ1+Γ2
2
t
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
t
)
− |Vk|2 sin2
(
ωk,2 + ωk,1
2
t
)])
.
We note the difference between these oscillation formulas and the quantum me-
chanical Gell-Mann–Pais formulas. Essentially the quantum field theoretic correc-
tions are proportional to |Vk|2 and appear as the additional high-frequency oscillation
terms.
9.2.3 The nonperturbative effect in the boson sector
We are now in the position to analyze the known mixing systems and compute the
magnitude of the nonperturbative correction in each system [43]. In the boson sector
the typical mixed systems are K0−K¯0, B0−B¯0, D0−D¯0, η−η′ and φ−ω. One may
expect that the nonperturbative high-frequency effects may be observed adequately
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in some of these systems since not only the mass difference for mesons may be as large
as 400MeV (e.g. η − η′) but also in principle the mesons may be produced at low
momenta where the flavor vacuum effect is most prominent. In practice, however, we
note that one may encounter certain experimental difficulty due to either extremely
short lifetime of mixed mesons or extremely small mass difference in mass-eigenstates
for the systems except η − η′ and φ− ω.
The magnitude of the nonperturbative term
In all of field-theoretical derivations (See Eq.(9.6)-(9.7)), the field-theoretical effect
(or the high-frequency oscillation term) is proportional to |Vk|2. In estimating the
maximal magnitude of this term, it is useful to write |Vk|2 in terms of the dimension-
less momentum
p ≡
√
2|k|2
m21 +m
2
2
(9.8)
and the dimensionless parameter
a ≡ m
2
2 −m21
m21 +m
2
2
(9.9)
as follows:
|V (p, a)|2 = p
2 + 1
2
√
(p2 + 1)2 − a2 −
1
2
, (9.10)
from which we see that |Vk|2 is maximal at p = 0 (|Vmax|2 = (m1−m2)24m1m2 ) and goes to
zero for large momenta (i.e. for |k|2 ≫ m21+m22
2
).
A plot of the condensation density |V (p, a)|2 as a function of p is presented in
Figure 9.1 for two sample values of the parameter a.
The optimal observation scale for field theoretical effect in meson mixing, there-
fore, is k = 0 and the maximum correction is of the order of |V |2 ∼ ∆m2
m2
. For known
parameters of meson mixing we find
• K0 − K¯0: |V |2 ∼ (3.510−12MeV
500MeV
)2 ∼ 10−28,
• D0 − D¯0: |V |2 ∼ (10−12MeV
1000MeV
)2 ∼ 10−30,
• B0 − B¯0: |V |2 ∼ (510−10MeV
5000MeV
)2 ∼ 10−26,
• B0s − B¯0s : |V |2 ∼ (210
−8MeV
104MeV
)2 ∼ 10−28,
• η − η′: |V |2 ∼ (400MeV
700MeV
)2 ∼ 0.2,
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Figure 9.1: The bosonic condensation density |V (p, a)|2 as a function of p for a = 0.98
(for instance: m1 = 5, m2 = 50 in dimensionless units, solid line) and a = 0.8 (for
instance: m1 = 5, m2 = 15 in dimensionless units, dashed line).
• ω − φ: |V |2 ∼ (200MeV
900MeV
)2 ∼ 0.05.
From the above discussion we observe hence that the nontrivial flavor vacuum effect
can be maximally seen in the mixed systems such as η− η′ and ω−φ, thus one needs
to be careful about taking them into account should these systems ever be used in
some sort of mixing experiments.
9.2.4 The nonperturbative effect in fermion sector
We can employ the similar method in the fermion sector. Since neutrinos are stable,
no additional adjustments are necessary to the known results [25]. We can write the
field-theoretical correction amplitude |Vk|2 in the fermion case as a function of the
dimensionless momentum
p =
|k|√
m1m2
(9.11)
and of the dimensionless parameter
a =
(∆m)2
m1m2
, 0 ≤ a < +∞ , (9.12)
as follows:
|Vk|2 ≡ |V (p, a)|2 = 1
2
(
1− p
2 + 1√
(p2 + 1)2 + ap2
)
. (9.13)
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Figure 9.2: The fermion condensation density |Vk|2 in function of |k| and for sample
values of the parameters m1 and m2. Solid line: m1 = 1 , m2 = 100 ; Long-dashed
line: m1 = 10 , m2 = 100 ; Short-dashed line: m1 = 10 , m2 = 1000.
where ∆m ≡ m2 −m1 (we take m1 ≤ m2).
From Eq.(9.13), we see that the effect is maximal when p = 1 (|V (1, a)|2 =
|Vmax|2 ≈ (m1−m2)216m1m2 ). |Vk|2 goes asymptotically to 1/2 when a→∞ and goes to zero
for large momenta (i.e. for |k|2 ≫ m21+m22
2
) as |V |2 ≈ ∆m2
4k2
.
In Figure 9.2 we show the fermion condensation density |Vk|2 in function of |k|
and for sample values of the parameters m1 and m2.
For the currently known neutrino mixing parameters, i.e. ∆m ∼ 10−3eV , the best
observation scale is of the order of k ≈ 10−3eV . However, experimentally observed
neutrinos are always in extremelly relativistic domain and therefore the value of |Vk|2
is as small as |Vk|2 ∼ 10−18. Only for extremely low energies (like those in neutrino
cosmological background) the field-theoretical corrections might be large and account
for few percent. In this connection, we observe that the non-perturbative field theory
effects, in spite of the small corrections they induce in the oscillation amplitudes,
nevertheless they may contribute in a specific and crucial way in other physical con-
texts or phenomena. Indeed, as shown in chapter 6, the mixing of neutrinos may
specifically contribute to the value of the cosmological constant exactly because of
the non-perturbative effects expressed by the non-zero value of |Vk|2 [34].
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9.3 Conclusions
In this chapter we have considered phenomenological aspects of the quantum field
theoretical formalism of flavor mixing. A crucial point in this analysis is the disclosure
of the fact that the space for the mixed field states is unitarily inequivalent to the
state space where the unmixed field operators are defined. This is a common feature
with the QFT structure of mixing, which has recently been established [20, 21, 25, 33].
The vacuum for the mixed fields turns out to be a generalized SU(2) coherent state.
We have estimated the magnitude of the field-theoretical effect in known mixed
systems. We found that for most mixed systems both in meson and neutrino sectors
this effect is negligible. Only in strongly mixed systems such as ω − φ or η − η′, or
for very low-energy neutrino effects the corrections may be as large as 5-20% [43]
and thus additional attention may be needed to see if these systems can be used in
oscillation experiments. The non-perturbative vacuum effect is the most prominent
when the particles are produced at low momentum.
Moreover, we recall that the neutrino mixing may contribute to the value of the
cosmological constant because of the non-perturbative effects.
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Appendix A
Double beta decay
Double beta decay, the rarest known nuclear decay process, can occur in different
modes:
2νββ − decay : A(Z,N)→ A(Z + 2, N − 2) + 2e− + 2ν¯e (A.1)
0νββ − decay : A(Z,N)→ A(Z + 2, N − 2) + 2e− (A.2)
0ν(2)χ0ββ − decay : A(Z,N)→ A(Z + 2, N − 2) + 2e− + (2)χ0. (A.3)
While the two-neutrino mode Eq.(A.1) is allowed by the Standard Model of par-
ticle physics, the neutrinoless mode Eq.(A.2) requires violation of lepton number
∆L = 2. This mode is possible only if the neutrino is a Majorana particle.
Moreover, the study of double beta decay gives insight on the coupling of the
neutrino to hypothetical light neutral bosons, named Majorons χ0. Such Majorons
could be emitted in the 0ν(2)χ0ββ − decay, Eq.(A.3).
Neutrinoless double beta decay can probe not only a Majorana neutrino mass, but
various new scenarios beyond the Standard Model, such as violation of Lorentz in-
variance, R-parity violating supersymmetric model, R-parity conserving SUSYmodel,
and leptoquarks.
A sensitive double beta decay experiment is the HEIDELBERG–MOSCOW ex-
periment in the Gran Sasso Underground Laboratory that search for double beta
decay of
76Ge→76 Se+ 2e− + (2ν¯e). (A.4)
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Appendix B
Useful formulas for the generation
of the flavor vacuum
Using the algebra Eq.(2.28) and the relations Eq.(2.45), we have:
Sk+S
k
−|0〉1,2 = Sk−Sk+|0〉1,2 (Sk+)2(Sk−)2|0〉1,2 = (Sk−)2(Sk+)2|0〉1,2
(Sk+)
2Sk−|0〉1,2 = Sk−(Sk+)2|0〉1,2 + 2Sk+|0〉1,2
(Sk−)
2Sk+|0〉1,2 = Sk+(Sk−)2|0〉1,2 + 2Sk−|0〉1,2
(Sk+)
3Sk−|0〉1,2 = 6(Sk+)2|0〉1,2 (Sk+)4Sk−|0〉1,2 = 0
(Sk+)
3(Sk−)
2|0〉1,2 = 6Sk−(Sk+)2|0〉1,2 (Sk−)3(Sk+)2|0〉1,2 = 6Sk+(Sk−)2|0〉1,2
(Sk+)
4(Sk−)
2|0〉1,2 = 24(Sk+)2|0〉1,2 (Sk+)5(Sk−)2|0〉1,2 = 0
Sk+S
k
−(S
k
+)
2|0〉1,2 = 4(Sk+)2|0〉1,2 Sk−Sk+(Sk−)2|0〉1,2 = 4(Sk−)2|0〉1,2
Sk3S
k
−S
k
+|0〉1,2 = 0 Sk3 (Sk+)2(Sk−)2|0〉1,2 = 0
(Sk3 )
nSk−|0〉1,2 = (−1)nSk−|0〉1,2 (Sk3 )n(Sk−)2|0〉1,2 = (−2)n(Sk−)2|0〉1,2
(Sk3 )
nSk+|0〉1,2 = Sk+|0〉1,2 (Sk3 )n(Sk+)2|0〉1,2 = 2n(Sk+)2|0〉1,2
Sk3S
k
−(S
k
+)
2|0〉1,2 = Sk−(Sk+)2|0〉1,2 Sk3Sk+(Sk−)2|0〉1,2 = −Sk+(Sk−)2|0〉1,2
Use of the above relations gives Eq.(2.46).
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Appendix C
Wave function and Vk
Wave functions:
urk,i(t) = u
r
k,ie
−iωk,i t = Ai
 ξr
σ¯·k¯
ωk,i+mi
ξr
 e−iωk,i t (C.1)
vrk,i(t) = v
r
k,ie
iωk,i t = Ai
 σ¯·k¯ωk,i+mi ξr
ξr
 eiωk,i t (C.2)
with
ξ1 =
(
1
0
)
, ξ2 =
(
0
1
)
, Ai ≡
(
ωk,i +mi
2ωk,i
) 1
2
, i = 1, 2 , r = 1, 2 .
(C.3)
v1†−k,1u
1
k,2 = −v2†−k,1u2k,2 = A1A2
( −k3
ωk,1 +m1
+
k3
ωk,2 +m2
)
(C.4)
v1†−k,1u
2
k,2 =
(
v2†−k,1u
1
k,2
)∗
= A1A2
(−k1 + ik2
ωk,1 +m1
+
k1 − ik2
ωk,2 +m2
)
(C.5)
Using the above relations Eq.(2.41) is obtained.
Eq.(2.49) follows if one observe that
(Sk−)
2|0〉1,2 = 2
[ (
u1†k,2v
2
−k,1
)(
u2†k,2v
1
−k,1
)
−
−
(
u1†k,2v
1
−k,1
)(
u2†k,2v
2
−k,1
) ]
α1†k,2β
2†
−k,1α
2†
k,2β
1†
−k,1|0〉1,2 =
= 2|Vk|2 e2i(ωk,1+ωk,2)t α1†k,2β2†−k,1α2†k,2β1†−k,1|0〉1,2 .
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Appendix D
The flavor vacuum
For the calculation of |0〉ke,µ it is useful to choose k = (0, 0, |k|). In this reference
frame the operators Sk+, S
k
−, S
k
3 are written as follows:
Sk+ ≡
∑
k,r
Sk,r+ =
∑
r
(
U∗k α
r†
k,1α
r
k,2 − ǫr V ∗k βr−k,1αrk,2 + ǫr Vk αr†k,1βr†−k,2 + Uk βr−k,1βr†−k,2
)
(D.1)
Sk− ≡
∑
k,r
Sk,r− =
∑
r
(
Uk α
r†
k,2α
r
k,1 + ǫ
r V ∗k β
r
−k,2α
r
k,1 − ǫr Vk αr†k,2βr†−k,1 + U∗k βr−k,2βr†−k,1
)
(D.2)
Sk3 ≡
∑
k,r
Sk,r3 =
1
2
∑
k,r
(
αr†k,1α
r
k,1 − βr†−k,1βr−k,1 − αr†k,2αrk,2 + βr†−k,2βr−k,2
)
,
(D.3)
where Uk, Vk have been defined in Eqs.(2.39)-(2.41) and ǫ
r = (−1)r. It is easy
to show that the su(2) algebra holds for Sk,r± and S
k,r
3 , which means that the suk(2)
algebra given in Eqs.(2.28) splits into r disjoint suk,r(2) algebras. Using the Gaussian
decomposition, |0〉ke,µ can be written as
|0〉ke,µ =
∏
r
exp(−tanθ Sk,r+ )exp(−2ln cosθ Sk,r3 ) exp(tanθ Sk,r− )|0〉1,2 (D.4)
where 0 ≤ θ < π
2
. The final expression for |0〉ke,µ in terms of Sk,r± and Sk,r3 is then
|0〉ke,µ =
∏
r
[
1 + sin θ cos θ
(
Sk,r− − Sk,r+
)
− sin2 θ Sk,r+ Sk,r−
]
|0〉1,2 , (D.5)
from which we finally obtain Eq.(2.52).
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Appendix E
Orthogonality of flavor vacuum
states and flavor states at different
times
The product of two vacuum states at different times t 6= t′ (we put for simplicity
t′ = 0) is
e,µ〈0|0(t)〉e,µ =
∏
k
C2k(t) = e
2
∑
k lnCk(t) (E.1)
with
Ck(t) ≡ (1− sin2 θ |Vk|2)2 + 2 sin2 θ cos2 θ |Vk|2 e−i(ωk,2+ωk,1)t +
+ sin4 θ |Vk|2 |Uk|2
(
e−2iωk,1t + e−2iωk,2t
)
+ (E.2)
+ sin4 θ |Vk|4 e−2i(ωk,2+ωk,1)t .
In the infinite volume limit we obtain (note that |Ck(t)| ≤ 1 for any value of k, t, and
of the parameters θ, m1, m2 ):
lim
V→∞ e,µ
〈0|0(t)〉e,µ = lim
V→∞
exp
[
2V
(2π)3
∫
d3k (ln |Ck(t)| + iαk(t))
]
= 0 (E.3)
with |Ck(t)|2 = Re[Ck(t)]2 + Im[Ck(t)]2 and αk(t) = tan−1 (Im[Ck(t)]/Re[Ck(t)]).
Thus we have orthogonality of the vacua at different times.
Now we can show the orthogonality of flavor states at different times.
We define the electron neutrino state at time t with momentum k as
|νk,e(t)〉 = αr†k,e(t)|0(t)〉e,µ. (E.4)
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The flavor vacuum is explicitly given by1
|0(t)〉e,µ =
∏
p
G−1p,θ(t)|0〉1,2 , (E.5)
then, we have
〈νk,e(0)|νk,e(t)〉 = e,µ〈0|αrk,e(0)αr†k,e(t)|0(t)〉e,µ (E.6)
=
∏
p
∏
q
1,2〈0|Gp,θ(0)αrk,e(0)αr†k,e(t)G−1q,θ(t)|0〉1,2.
With p 6= q the mixing generators commute, then we put p = q:
〈νk,e(0)|νk,e(t)〉 =
∏
p
1,2
〈0|Gp,θ(0)αrk,e(0)αr†k,e(t)G−1p,θ(t)|0〉1,2 . (E.7)
αr†k,e acts only on vacuum with momentum k, then
〈νk,e(0)|νk,e(t)〉 ∝ e,µ〈0k|αrk,e(0)αr†k,e(t)|0k(t)〉e,µ
∏
p6=k
1,2
〈0|Gp,θ(0)G−1p,θ(t)|0〉1,2
= e,µ〈0k|αrk,e(0)αr†k,e(t)|0k(t)〉e,µ e,µ〈0|0(t)〉e,µ. (E.8)
By using the Eq.(E.3), in the infinite volume limit we obtain the orthogonality of
flavor states at different times.
1To be precise, the mass vacuum is to be understood as |0〉
1,2
= |0〉k1
1,2
⊗ |0〉k2
1,2
⊗ |0〉k3
1,2
.....
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Appendix F
Useful relations for three flavors
fermion mixing
We work in the frame k = (0, 0, |k|) and for simplicity we omit the k and the helicity
indices.

G−123 α1G23 = α1
G−113 α1G13 = c13 α1 + e
iδ s13
(
U∗13 α3 + ǫr V13 β
†
3
)
G−112 α1G12 = c12 α1 + s12
(
U∗12 α2 + ǫr V12 β
†
2
)

G−123 α2G23 = c23 α2 + s23
(
U∗23 α3 + ǫr V23 β
†
3
)
G−113 α2G13 = α2
G−112 α2G12 = c12 α2 − s12
(
U12 α1 − ǫr V12 β†1
)

G−123 α3G23 = c23 α3 − s23
(
U12 α2 − ǫr V12 β†2
)
G−113 α3G13 = c13 α3 − e−iδ s13
(
U13 α1 − ǫr V13 β†1
)
G−112 α3G12 = α3
123

G−123 β
†
1G23 = β
†
1
G−113 β
†
1G13 = c13 β
†
1 + e
iδ s13
(
U13 β
†
3 − ǫr V ∗13 α3
)
G−112 β
†
1G12 = c12 β
†
1 + s12
(
U12 β
†
2 − ǫr V ∗12 α2
)

G−123 β
†
2G23 = c23 β
†
2 + s23
(
U23 β
†
3 − ǫr V ∗23 α3
)
G−113 β
†
2G13 = β
†
2
G−112 β
†
2G12 = c12 β
†
2 − s12
(
U∗12 β
†
1 + ǫr V
∗
12 α1
)

G−123 β
†
3G23 = c23 β
†
3 − s23
(
U∗23 β
†
2 + ǫr V
∗
23 α2
)
G−113 β
†
3G13 = c13 β
†
3 − e−iδ s13
(
U∗13 β
†
1 + ǫr V
∗
13 α1
)
G−112 β
†
3G12 = β
†
3
with
V kij = |V kij | ei(ωk,j+ωk,i)t , Ukij = |Ukij| ei(ωk,j−ωk,i)t (F.1)
|Ukij | =
(
ωk,i +mi
2ωk,i
) 1
2
(
ωk,j +mj
2ωk,j
) 1
2
(
1 +
k2
(ωk,i +mi)(ωk,j +mj)
)
(F.2)
|V kij | =
(
ωk,i +mi
2ωk,i
) 1
2
(
ωk,j +mj
2ωk,j
) 1
2
(
k
(ωk,j +mj)
− k
(ωk,i +mi)
)
(F.3)
where i, j = 1, 2, 3 and j > i, and
|Ukij |2 + |V kij |2 = 1 , i = 1, 2, 3 j > i (F.4)
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(
V k23V
k∗
13 + U
k∗
23U
k
13
)
= Uk12 ,
(
V k23U
k∗
13 − Uk∗23 V k13
)
= −V k12
(
Uk12U
k
23 − V k∗12 V k23
)
= Uk13 ,
(
Uk23V
k
12 + U
k∗
12 V
k
23
)
= V k13
(
V k∗12 V
k
13 + U
k∗
12U
k
13
)
= Uk23 ,
(
V k12U
k
13 − Uk12V k13
)
= −V k23 .
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Appendix G
Anti-neutrino oscillation formulas
If we consider an initial electron anti-neutrino state defined as |νe〉 ≡ βr†k,e(0)|0〉f , we
obtain the anti-neutrino oscillation formulas as
Qe¯k,e(t) = −Qek,e(t) , (G.1)
Qe¯k,µ(t) = 2JCP
[
|Uk12|2 sin(2∆k12t)− |V k12|2 sin(2Ωk12t) + (|Uk12|2 − |V k13|2) sin(2∆k23t)
+ (|V k12|2 − |V k13|2) sin(2Ωk23t)− |Uk13|2 sin(2∆k13t) + |V k13|2 sin(2Ωk13t)
]
− cos2 θ13 sin θ13
[
cos δ sin(2θ12) sin(2θ23) + 4 cos
2 θ12 sin θ13 sin
2 θ23
]
×
[
|Uk13|2 sin2
(
∆k13t
)
+ |V k13|2 sin2
(
Ωk13t
) ]
+ cos2 θ13 sin θ13
[
cos δ sin(2θ12) sin(2θ23)− 4 sin2 θ12 sin θ13 sin2 θ23
]
×
[
|Uk23|2 sin2
(
∆k23t
)
+ |V k23|2 sin2
(
Ωk23t
) ]
− cos2 θ13 sin(2θ12)
[
(cos2 θ23 − sin2 θ23 sin2 θ13) sin(2θ12)
+ cos δ cos(2θ12) sin θ13 sin(2θ23)
][
|Uk12|2 sin2
(
∆k12t
)
+ |V k12|2 sin2
(
Ωk12t
) ]
,
(G.2)
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Qe¯k,τ (t) = −2JCP
[
|Uk12|2 sin(2∆k12t)− |V k12|2 sin(2Ωk12t) + (|Uk12|2 − |V k13|2) sin(2∆k23t)
+ (|V k12|2 − |V k13|2) sin(2Ωk23t) − |Uk13|2 sin(2∆k13t) + |V k13|2 sin(2Ωk13t)
]
+ cos2 θ13 sin θ13
[
cos δ sin(2θ12) sin(2θ23)− 4 cos2 θ12 sin θ13 cos2 θ23
]
×
[
|Uk13|2 sin2
(
∆k13t
)
+ |V k13|2 sin2
(
Ωk13t
) ]
− cos2 θ13 sin θ13
[
cos δ sin(2θ12) sin(2θ23) + 4 sin
2 θ12 sin θ13 cos
2 θ23
]
×
[
|Uk23|2 sin2
(
∆k23t
)
+ |V k23|2 sin2
(
Ωk23t
) ]
− cos2 θ13 sin(2θ12)
[
(sin2 θ23 − sin2 θ13 cos2 θ23) sin(2θ12)
− cos δ cos(2θ12) sin θ13 sin(2θ23)
][
|Uk12|2 sin2
(
∆k12t
)
+ |V k12|2 sin2
(
Ωk12t
) ]
.
(G.3)
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Appendix H
Useful formulas for the generation
of the mixing matrix
In deriving the Ui mixing matrices of Sections 3.2 and 3.3, we use the following
relationships
[να1 (x), L12] = ν
α
2 (x)e
−iδ12 , [να1 (x), L23] = 0 , [ν
α
1 (x), L13] = ν
α
3 (x)e
−iδ13 , (H.1)
[να2 (x), L12] = −να1 (x)eiδ12 , [να2 (x), L23] = να3 (x)e−iδ23 , [να2 (x), L13] = 0 , (H.2)
[να3 (x), L12] = 0 , [ν
α
3 (x), L23] = −να2 (x)eiδ23 , [να3 (x), L13] = −να1 (x)eiδ13 , (H.3)
and
G−123 (t)ν
α
1 (x)G23(t) = ν
α
1 (x) , (H.4)
G−113 (t)ν
α
1 (x)G13(t) = ν
α
1 (x)c13 + ν
α
3 (x)e
−iδ13s13 , (H.5)
G−112 (t)ν
α
1 (x)G12(t) = ν
α
1 (x)c12 + ν
α
2 (x)e
−iδ12s12 , (H.6)
G−123 (t)ν
α
2 (x)G23(t) = ν
α
2 (x)c23 + ν
α
3 (x)e
−iδ23s23 , (H.7)
G−113 (t)ν
α
2 (x)G13(t) = ν
α
2 (x) , (H.8)
G−112 (t)ν
α
2 (x)G12(t) = ν
α
2 (x)c12 − να1 (x)eiδ12s12 , (H.9)
G−123 (t)ν
α
3 (x)G23(t) = ν
α
3 (x)c23 − να2 (x)eiδ23s23 , (H.10)
G−113 (t)ν
α
3 (x)G13(t) = ν
α
3 (x)c13 − να1 (x)eiδ13s13 , (H.11)
G−112 (t)ν
α
3 (x)G12(t) = ν3 (H.12)
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Appendix I
Arbitrary mass parameterization
and physical quantities
In Ref. [28, 29] it was noticed that expanding the flavor fields in the same basis as
the (free) fields with definite masses (cf. Eq.(3.11)) is actually a special choice, and
that a more general possibility exists. In other words, in the expansion Eq.(3.11) one
could use eigenfunctions with arbitrary masses µσ, and therefore not necessarily the
same as the masses which appear in the Lagrangian. On this basis, the authors of
Ref.[28, 29] have generalized the Eq.(3.11) by writing the flavor fields as
νσ(x) =
∑
r
∫
d3k
(2π)
2
3
[
urk,σα˜
r
k,σ(t) + v
r
−k,σβ˜
r†
−k,σ(t)
]
eik·x, (I.1)
where uσ and vσ are the helicity eigenfunctions with mass µσ. We denote by a tilde
the generalized flavor operators introduced in Ref.[28, 29] in order to distinguish them
from the ones in Eq.(3.11). The expansion Eq.(I.1) is more general than the one in
Eq.(3.11) since the latter corresponds to the particular choice µe ≡ m1, µµ ≡ m2,
µτ ≡ m3. Of course, the flavor fields in Eq.(I.1) and Eq.(3.11) are the same fields.
The relation, given in Ref.[28, 29], between the general flavor operators and the flavor
operators Eq.(2.55) is(
α˜rk,σ(t)
β˜r†−k,σ(t)
)
= J−1µσ (t)
(
αrk,σ(t)
βr†−k,σ(t)
)
Jµσ(t) , (I.2)
Jµσ(t) =
∏
k,r
exp
i∑
(σ,j)
ξkσ,j
[
αr†k,σ(t)β
r†
−k,σ(t) + β
r
−k,σ(t)α
r
k,σ(t)
] , (I.3)
with (σ, j) = (e, 1), (µ, 2), (τ, 3), ξkσ,j ≡ (χkσ − χkj )/2 and cotχkσ = |k|/µσ, cotχkj =
|k|/mj. For µσ ≡ mj , one has Jµσ(t) = 1.
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As already noticed in Ref.[21], the flavor charge operators are the Casimir oper-
ators for the Bogoliubov transformation (I.2), i.e. they are free from arbitrary mass
parameters : Q˜σ(t) = Qσ(t). This is obvious also from the fact that they can be
expressed in terms of flavor fields (see Ref.[31]).
Physical quantities should not carry any dependence on the µσ: in the two–flavor
case, it has been shown [21] that the expectation values of the flavor charges on the
neutrino states are free from the arbitrariness. For three generations, the question
is more subtle due to the presence of the CP violating phase. Indeed, in Ref.[29] it
has been found that the corresponding generalized quantities depend on the arbitrary
mass parameters.
In order to understand better the nature of such a dependence, we consider the
identity:
〈ψ˜|Q˜σ(t)|ψ˜〉 = 〈ψ|J(0)Qσ(t) J−1(0)|ψ〉 =
= 〈ψ|Qσ(t)|ψ〉+ 〈ψ| [J(0), Qσ(t)] J−1(0)|ψ〉 . (I.4)
valid on any vector |ψ〉 of the flavor Hilbert space (at t = 0). From the explicit
expression for J(0) we see that the commutator [J(0), Qσ(t)] vanishes for µρ = mj ,
(ρ, j) = (e, 1), (µ, 2), (τ, 3).
It is thus tempting to define the (effective) physical flavor charges as:
Q˜physσ (t) ≡ Qσ(t)− J−1(0) [J(0), Qσ(t)] = J−1(0)Qσ(t) J(0), (I.5)
such that for example:
〈ν˜ρ|Q˜physσ (t) |ν˜ρ〉 = 〈νρ|Qσ(t)|νρ〉. (I.6)
It is clear that the operator Q˜physσ (t) does depend on the arbitrary mass param-
eters and this dependence is such to compensate the one arising from the flavor
states. The choice of physical quantities (flavor observables) as those not depending
on the arbitrary mass parameters is here adopted, although different possibilities are
explored by other authors, see Refs.[29, 27, 33].
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Appendix J
Temporal component of spinorial
derivative
For the sake of completeness, we derive the 0th component spinorial derivative used
to get the results (6.14). We start from the Cartan Equations (6.4) writing the tetrads
one-forms in the FRW metric (6.10) as in (6.11).
The exterior derivative of ea is
de0 = dt ∧ dt = 0 (J.1)
de1 =
a˙
ρ
dt ∧ dx1 = a˙
a
e0 ∧ e1 (J.2)
de2 = a˙r dt ∧ dθ + a dr ∧ dθ = a˙
a
e0 ∧ e2 + ρ
ar
e1 ∧ e2 (J.3)
de3 = a˙r sin(θ) dt ∧ dφ+ a sin(θ) dr ∧ dφ+ ar cos(θ) dθ ∧ dφ =
=
a˙
a
e0 ∧ e3 + ρ
ar
e1 ∧ e3 + tan(θ)
ar
e2 ∧ e3. (J.4)
Since the connection forms are antisymmetric in the tetradic (latin) indexes Eq. (6.4)
gives
ω00 = 0 (J.5)
ω0i = −
a˙
a
ei = H ei i = 1, 2, 3 (J.6)
ω1j =
ρ
ar
ej j = 2, 3 (J.7)
ω23 =
tan(θ)
ar
e3 (J.8)
ωii = 0. (J.9)
Using the definition of spinorial derivative and spinorial connection given in (6.9), we
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have
Dµ = ∂µ +
1
4
[γi, γ0] ω
i0
µ +
1
4
[γ1, γj] ω
1j
µ +
1
4
[γ2, γ3] ω
23
µ , (J.10)
where we have used the antisymmetry of the commutators. The 0th component of
Eq.(J.10) gives Eq.(6.12).
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Appendix K
Orthogonality between mass and
flavor vacua in boson mixing
We calculate here 1,2〈0|0(θ, t)〉A,B . In the following we work at finite volume (discrete
k) and suppress the time dependence of the operators when t = 0. Let us first observe
that
|0(θ, t)〉
A,B
= eiHt|0(θ, 0)〉
A,B
, (K.1)
with
H =
2∑
i=1
∑
k
ωk,i
(
a†k,iak,i + b
†
−k,ib−k,i
)
. (K.2)
Thus we have
1,2〈0|0(θ, t)〉A,B = 1,2〈0|0(θ, 0)〉A,B . (K.3)
We then define ∏
k
fk0 (θ) ≡
∏
k
1,2〈0|G−1k,θ(0)|0〉1,2 (K.4)
and observe that
d
dθ
fk0 (θ) = |Vk| 1,2〈0|(b−k,1ak,2 + b−k,2ak,1)G−1k,θ|0〉1,2
= −|Vk| 1,2〈0|G−1k,θ(a†k,2b†−k,1 + a†k,1b†−k,2)|0〉1,2 , (K.5)
where, we recall, |Vk| ≡ Vk(0) in our notation of Section II. We now consider the
identity
(b−k,1ak,2 + b−k,2ak,1)G−1k,θ = G
−1
k,θG
−1
k,−θ(b−k,1ak,2 + b−k,2ak,1)Gk,−θ
= G−1k,θ[b−k,A(−θ)ak,B(−θ) + b−k,B(−θ)ak,A(−θ)] .
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Then the equation follows
d
dθ
fk0 (θ) = −2 |Vk|2 cos θ sin θfk0 (θ) + sin2 θ |Vk|3 1,2〈0|G−1k,θ(a†k,2b†−k,1 + a†k,1b†−k,2)|0〉1,2
= −2 |Vk|2 cos θ sin θfk0 (θ)− sin2 θ|Vk|2
d
dθ
fk0 (θ) (K.6)
and
d
dθ
fk0 (θ) = −
2|Vk|2 cos θ sin θ
1 + sin2 θ|Vk|2 f
k
0 (θ) , (K.7)
which is solved by
fk0 (θ) =
1
1 + sin2 θ|Vk|2
, (K.8)
with the initial condition fk0 (0) = 1.
We observe that we can operate in a similar fashion directly with fk0 (θ, t) ≡
1,2〈0|G−1k,θ(t)|0〉1,2. We then find that fk0 (θ, t) is again given by Eq.(K.8) and thus it is
actually time-independent. We also note that by a similar procedure it can be proved
that lim
V→∞ A,B
〈0(θ, t)|0(θ′, t)〉
A,B
→ 0 for θ′ 6= θ.
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